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Àíîòàöiÿ

Äóäêî À.I. Ñêií÷åííîâèìiðíi ñïåêòðàëüíi çàäà÷i íà ãðàôàõ. � Êâàëiôiêà-

öiéíà íàóêîâà ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ôiëîñîôi¨ çà ñïå-

öiàëüíiñòþ 111 � Ìàòåìàòèêà. � ÄÇ "Ïiâäåííîóêðà¨íñüêèé íàöiîíàëüíèé

ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Ê. Ä. Óøèíñüêîãî". Ìiíiñòåðñòâî îñâiòè i

íàóêè Óêðà¨íè, Îäåñà, 2022.

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà çàäà÷àì, ùî îïèñóþòü ìàëi ïîïåðå÷íi

êîëèâàííÿ ãðàôiâ, ðåáðàìè ÿêèõ ¹ ñòiëüòü¹ñiâñüêi ñòðóíè, òîáòî íåâàãîìi

ïðóæíi íèòêè, ùî íåñóòü íà ñîái ñêií÷åííó êiëüêiñòü òî÷êîâèõ ìàñ (íà-

ìèñòèí, ó òåðìiíîëîãi¨ Ì.Ã. Êðåéíà). Òàêi æ, ç òî÷êè çîðó ìàòåìàòèêè,

ñêií÷åííîâèìiðíi ñïåêòðàëüíi çàäà÷i îïèñóþòü ïîçäîâæíi êîëèâàííÿ ãðà-

ôiâ, ðåáðà ÿêèõ ñêëàäàþòüñÿ ç òî÷êîâèõ ìàñ, ç'¹äíàíèõ ïðóæèíàìè. Öÿ

òåìàòèêà ¹ ñêií÷åííîâèìiðíèì àíàëîãîì òàê çâàíî¨ òåîði¨ êâàíòîâèõ ãðà-

ôiâ, ó ÿêié âèâ÷àþòüñÿ ñïåêòðàëüíi çàäà÷i, ïîðîäæåíi äèôåðåíöiàëüíèìè

ðiâíÿííÿìè êâàíòîâî¨ ìåõàíiêè, çàäàíi íà ãðàôàõ.

Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ çi âñòóïó, øåñòè ðîçäiëiâ, âèñíîâêiâ äî

êîæíîãî ðîçäiëó i çàãàëüíèõ âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë, ùî

ìiñòÿòü 104 íàéìåíóâàííÿ. Ó âñòóïi âèçíà÷åíî îá'¹êò i ïðåäìåò äîñëiäæåí-

íÿ, îáãðóíòîâàíî àêòóàëüíiñòü òåìè äèñåðòàöiéíîãî äîñëiäæåííÿ, ñôîðìó-

ëüîâàíî ìåòó i çàâäàííÿ, âèçíà÷åíî ìåòîäè äîñëiäæåííÿ, éîãî íàóêîâó íî-

âèçíó, ïðàêòè÷íå çíà÷åííÿ, ïðîêîìåíòîâàíî àïðîáàöiþ, îïèñàíî ñòðóêòóðó

äèñåðòàöiéíî¨ ðîáîòè òà ¨¨ îñíîâíèé çìiñò.

Ó ïåðøîìó ðîçäiëi íàâåäåíà êîðîòêà iñòîðiÿ ñêií÷åííîâèìiðíèõ ïðÿìèõ

i îáåðíåíèõ çàäà÷ íà iíòåðâàëi, íà çiðêîâîìó ãðàôi òà íà äîâiëüíîìó äå-

ðåâi. Ðîçãëÿíóòi òàêi íåîáõiäíi äàëi ïîíÿòòÿ, ÿê ëàíöþãîâèé äðiá Ñòiëü-

òü¹ñà, ëàíöþãîâèé äðiá Ñòiëüòü¹ñà, ÿêèé ðîçãàëóäæó¹òüñÿ, íàâåäåíi îçíà-

÷åííÿ ðàöiîíàëüíî¨ íåâàíëiííiâñüêî¨ ôóíêöi¨ (ÿêó ùå íàçèâàþòü ôóíêöi¹þ

Ãåðãëîòöà), ðàöiîíàëüíî¨ S�ôóíêöi¨ (ôóíêöi¨ Ñòiëüòü¹ñà) òà S0�ôóíêöi¨.
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Òàêîæ íàâåäåíi äåÿêi âiäîìi ëåìè òà òåîðåìè, êîòði îïèñóþòü ÷åðãóâàííÿ

êîðåíiâ òà ïîëþñiâ ðàöiîíàëüíèõ íåâàíëiííiâñüêèõ ôóíêöié, ðàöiîíàëüíèõ

S�ôóíêöié òà S0�ôóíêöié, ÿêi âèêîðèñòîâóþòüñÿ ïðè äîâåäåííi îñíîâíèõ

òåîðåì ó ïîäàëüøèõ ðîçäiëàõ.

Ó äðóãîìó ðîçäiëi ðîçâ'ÿçàíà, ïî-ïåðøå, ïðÿìà çàäà÷à, òîáòî îïèñ ñïå-

êòðó êîëèâàíü ñòiëüòü¹ñiâñüêî¨ ñòðóíè ç âiëüíèìè êiíöÿìè (óìîâè Íåéìàíà

íà îáîõ êiíöÿõ) òà ïîðiâíÿííÿ ñïåêòðó âiäïîâiäíî¨ ñïåêòðàëüíî¨ çàäà÷i çi

ñïåêòðàìè çàäà÷, ùî îïèñóþòü êîëèâàííÿ ç öi¹¨ æ ñòðóíè ç âiëüíèìè êií-

öÿìè i ôiêñîâàíîþ ïðîìiæíîþ òî÷êîþ. Ç òî÷êè çîðó ôiçèêè öå âiäïîâiäà¹

çàêðiïëåííþ ïðîìiæíî¨ òî÷êè.

Äîâåäåíî, ùî âëàñíi çíà÷åííÿ çàäà÷i ç óìîâàìè Íåéìàíà íà êiíöÿõ ÷åð-

ãóþòüñÿ ó íåñòðîãîìó ñåíñi ç îá'¹äíàííÿì ñïåêòðiâ äâîõ çàäà÷, îäíà ç ÿêèõ

ïîðîäæåíà ëiâîþ ÷àñòèíîþ ñòðóíè ç óìîâîþ Íåéìàíà íà ëiâîìó êiíöi òà

óìîâîþ Äiðiõëå íà ïðàâîìó, à äðóãà ïîðîäæåíà ïðàâîþ ÷àñòèíîþ ñòðóíè ç

óìîâîþ Íåéìàíà íà ïðàâîìó êiíöi òà óìîâîþ Äiðiõëå íà ëiâîìó.

Òàêîæ ðîçâ'ÿçàíà îáåðíåíà çàäà÷à, òîáòî çàäà÷à âiäíîâëåííÿ äàíèõ

ñòiëüòü¹ñiâñüêî¨ ñòðóíè çà âiäîìèìè:

1. ñïåêòðîì êîëèâàíü öi¹¨ ñòðóíè ç âiëüíèìè êiíöÿìè (óìîâè Íåéìàíà íà

îáîõ êiíöÿõ);

2. ñïåêòðîì êîëèâàíü ëiâî¨ ÷àñòèíè öi¹¨ ñòðóíè ç ëiâèì êiíöåì âiëüíèì

(óìîâà Íåéìàíà), à ïðàâèì � çàêðiïëåíèì (óìîâà Äiðiõëå);

3. ñïåêòðîì êîëèâàíü ïðàâî¨ ÷àñòèíè ç ïðàâèì êiíöåì âiëüíèì (óìîâà

Íåéìàíà), à ëiâèì � çàêðiïëåíèì (óìîâà Äiðiõëå);

4. çàãàëüíèìè ìàñàìè íà ÷àñòèíàõ ñòðóíè.

Ó òðåòüîìó ðîçäiëi ðîçâ'ÿçàíà íàñòóïíà ïðÿìà çàäà÷à, ïîðîäæåíà ðiâ-

íÿííÿìè ñòiëüòü¹ñiâñüêî¨ ñòðóíè íà çiðêîâîìó ãðàôi ç òðüîìà ðåáðàìè.

Ðîçãëÿíóòà ñïåêòðàëüíà çàäà÷à íà çiðêîâîìó ãðàôi ç êiëüêiñòþ ìàñ íà-

ìèñòèí n1, n2, n3 íà ðåáðàõ ç óìîâàìè Äiðiõëå íà âèñÿ÷èõ âåðøèíàõ, ñïåêòð
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ÿêî¨ ïîçíà÷åíèé ÷åðåç {λk}n1+n2+n3
k=1 , çàäà÷à íà ïåðøîìó ðåáði ç n1 ìàñàìè

ç óìîâîþ Äiðiõëå íà ëiâîìó êiíöi òà óìîâîþ Íåéìàíà íà ïðàâîìó êiíöi,

ñïåêòð ÿêî¨ ïîçíà÷åíèé ÷åðåç {µk}n1k=1, à òàêîæ çàäà÷à ç óìîâàìè Äiðiõëå

íà êiíöÿõ ç n2 +n3 ìàñàìè íà îá'¹äíàííi äðóãîãî òà òðåòüîãî ðåáðà, ñïåêòð

ÿêî¨ ïîçíà÷åíèé ÷åðåç {νk}n2+n3
k=1 . Ïðÿìà çàäà÷à ïîëÿãàëà â äîâåäåííi òî-

ãî, ùî âëàñíi çíà÷åííÿ ïåðøî¨ ç öèõ òðüîõ çàäà÷ ÷åðãóþòüñÿ ç åëåìåíòàìè

îá'¹äíàííÿ ñïåêòðiâ äðóãî¨ òà òðåòüî¨ çàäà÷i ó íåñòðîãîìó ðîçóìiííi.

Ðîçâ'ÿçàíà òàêîæ îáåðíåíà çàäà÷à, òîáòî çàäà÷à âiäíîâëåííÿ ìàñ íàìè-

ñòèí òà äîâæèí iíòåðâàëiâ ìiæ íèìè íà ðåáðàõ ãðàôó, âèõîäÿ÷è ç òðüîõ

âèùå çãàäàíèõ ñïåêòðiâ òà ïîâíèõ äîâæèí ñòðóí. Âèÿâèëîñü, ùî óìîâà

ñòðîãîãî ÷åðãóâàííÿ åëåìåíòiâ ïîñëiäîâíîñòi {λk}n1+n2+n3
k=1 ç åëåìåíòàìè ïî-

ñëiäîâíîñòi {ξk}n1+n2+n3
k=1 ={µk}n1k=1

⋃
{νk}n2+n3

k=1 ¹ äîñòàòíüîþ äëÿ iñíóâàííÿ

ðîçâ'ÿçêó îáåðíåíî¨ çàäà÷i.

Ïðè öüîìó ìàñè íàìèñòèí òà äîâæèí iíòåðâàëiâ íà ïåðøié ñòðóíi âiä-

íîâëþþòüñÿ îäíîçíà÷íî, à íà iíøèõ äâîõ ñòðóíàõ � íi.

Ó ÷åòâåðòîìó ðîçäiëi ðîçãëÿäàþòüñÿ äâi ñïåêòðàëüíi (îñíîâíi) çàäà÷i

íà çiðêîâîìó ãðàôi ç q > 1 ðåáðàìè, ïîðîäæåíi òèìè æ ñàìèìè ðåêóðåí-

òíèìè ñïiââiäíîøåííÿìè ñòiëüòü¹ñiâñüêèõ ñòðóí ç òèìè æ ñàìèìè óìîâàìè

íåïåðåðâíîñòi òà áàëàíñó ñèë ó öåíòðàëüíié âåðøèíi òà óìîâàìè Äiðiõëå

íà âñiõ âèñÿ÷èõ âåðøèíàõ îêðiì îäíi¹¨ (êîðåíÿ). Ó êîðåíi ó ïåðøié çàäà÷i

íàêëàäåíà óìîâà Íåéìàíà, à ó äðóãié � óìîâà Äiðiõëå. Âiäîìî, ùî ñïåêòðè

öèõ çàäà÷ ÷åðãóþòüñÿ ó íåñòðîãîìó ñåíñi. Ó ïiäõîäi ïðÿìî¨ çàäà÷i ïîêà-

çàíî, ùî âëàñíå çíà÷åííÿ λ ïåðøî¨ çàäà÷i ñïiâïàäà¹ ç âëàñíèì çíà÷åííÿì

äðóãî¨ çàäà÷i òîäi i òiëüêè òîäi, êîëè öå λ ¹ âîäíî÷àñ i âëàñíèì çíà÷åííÿì

ïðèíàéìíi äâîõ çàäà÷ íà íå iíöèäåíòíèõ ç êîðåíåì ðåáðàõ ç óìîâàìè Äiði-

õëå íà îáîõ êiíöÿõ. Öå îçíà÷à¹, ùî óïîðÿäêîâàíèé âåêòîð êðàòíîñòåé òèõ

âëàñíèõ çíà÷åíü ïåðøî¨ îñíîâíî¨ çàäà÷i, ÿêi ñïiâïàäàþòü ç âëàñíèìè çíà-

÷åííÿìè äðóãî¨ îñíîâíî¨ çàäà÷i, ïiäïîðÿäêîâàíèé ó ïåâíîìó ñåíñi âåêòîðó,

óòâîðåíîìó ç êiëüêîñòåé íàìèñòèí íà íå êîðåíåâèõ ðåáðàõ çãiäíî ç âiäîìîþ
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ïðîöåäóðîþ.

Òàêîæ ðîçâ'ÿçàíà âiäïîâiäíà îáåðíåíà çàäà÷à, òîáòî çàäà÷à çíàõîäæåí-

íÿ ìàñ íàìèñòèí íà ðåáðàõ çiðêîâîãî ãðàôó çà âiäîìèìè ñïåêòðàìè ïåðøî¨

òà äðóãî¨ çàäà÷ ç óìîâîþ Íåéìàíà ïåðøà òà óìîâîþ Äiðiõëå äðóãà ó âè-

ñÿ÷ié âåðøèíi ç çàäàíèìè êiëüêîñòÿìè íàìèñòèí íà ðåáðàõ. Óìîâà çàäàíî¨

êiëüêîñòi íàìèñòèí íà ðåáðàõ ñóòò¹âî óñêëàäíþ¹ çàäà÷ó îïèñó äîñòàòíiõ

óìîâ iñíóâàííÿ ðîçâ'ÿçêó òàêî¨ çàäà÷i. Äîâåäåíî, ùî ÿêùî äâi ïîñëiäîâíîñòi

äîäàòíèõ ÷èñåë ÷åðãóþòüñÿ ó íåñòðîãîìó ñåíñi, à êðàòíîñòi ñïiâïàäàþ÷èõ

åëåìåíòiâ öèõ ïîñëiäîâíîñòåé ïiäïîðÿäêîâàíi ó ñåíñi Ìþðõåäà [83] ìàæî-

ðóþ÷îìó âåêòîðó, ïîáóäîâàíîìó çãiäíî ç ïðîöåäóðîþ, îïèñàíîþ ó ïðÿìié

çàäà÷i öüîãî ðîçäiëó, òî öi äâi ïîñëiäîâíîñòi ¹ ñïåêòðàìè îñíîâíèõ çàäà÷ ç

óìîâîþ Íåéìàíà ó êîðåíi � ïåðøà i ç óìîâîþ Äiðiõëå ó êîðåíi � äðóãà.

Ó ï'ÿòîìó ðîçäiëi ðîçãëÿíóòi äâi ñïåêòðàëüíi çàäà÷i íà äîâiëüíîìó äå-

ðåâi ç q > 1 ðåáðàìè, ïîðîäæåíi òèìè æ ñàìèìè ðåêóðåíòíèìè ñïiââiäíî-

øåííÿìè ñòiëüòü¹ñiâñüêèõ ñòðóí ç òèìè æ ñàìèìè óìîâàìè íåïåðåðâíîñòi

òà áàëàíñó ñèë ó âíóòðiøíiõ âåðøèíàõ òà óìîâàìè Äiðiõëå íà âñiõ âèñÿ÷èõ

âåðøèíàõ îêðiì îäíi¹¨ (êîðåíÿ). Ó êîðåíi ó ïåðøié çàäà÷i íàêëàäåíà óìîâà

Íåéìàíà, à ó äðóãié çàäà÷i � óìîâà Äiðiõëå. Ïîêàçàíî, ùî äðiá, ÷èñåëüíèê

ÿêîãî ¹ õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì cïåêòðàëüíî¨ çàäà÷i ç óìîâîþ Äi-

ðiõëå íà äåðåâi, à çíàìåííèê � õàðàêòåðèñòè÷íèé ìíîãî÷ëåí cïåêòðàëüíî¨

çàäà÷i ç óìîâîþ Íåéìàíà íà öüîìó äåðåâi, ìîæå áóòè ðîçâèíåíèé ó ëàí-

öþãîâèé äðiá, ùî ðîçãàëóäæó¹òüñÿ ó òî÷êàõ, ÿêi âiäïîâiäàþòü âíóòðiøíiì

âåðøèíàì äåðåâà.

Óøîñòîìó ðîçäiëi ìè ïåðåéøëè äî ðîçãëÿäó çâ'ÿçíîãî ãðàôó, êîòðèé íå

¹ äåðåâîì (àëå ¹ öèêëi÷íî çâ'ÿçíèì). Çàãàëüíà òåîðiÿ ñïåêòðàëüíèõ çàäà÷

íà äîâiëüíèõ çâ'ÿçíèõ ãðàôàõ íå iñíó¹. Iñíóþòü òiëüêè ïîäåÿêi êîíêðåòíi

ðåçóëüòàòè. Ðåçóëüòàòè ðîçäiëó 6 âäàëîñÿ îòðèìàòè çàâäÿêè òîìó, ùî ìè

ðîçãëÿäà¹ìî ãðàô ç îäíàêîâèìè ðåáðàìè. Áiëüø òîãî, öi ðåáðà, òîáòî ñòiëü-

òü¹ñiâñüêi ñòðóíè áóëè ñèìåòðè÷íèìè âiäíîñíî ñåðåäèí ðåáåð. Çàâäÿêè öüî-
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ìó çàäà÷à çâåäåíà äî áiëüø ïðîñòî¨ àëãåáðà¨÷íî¨ çàäà÷i. Öå áóëî çðîáëåíî

äëÿ òîãî, ùîá ðîçãëÿíóòè êîëèâàííÿ ãðàôó íàïiâïðàâèëüíîãî ìíîãîãðàí-

íèêà, à ñàìå óñi÷åíîãî iêîñàåäðà, êîòðèé ìà¹ çàñòîñóâàííÿ ó õiìi¨ i êîòðèé

ìà¹ iíøó íàçâó � ôóëåðií. Ïðè ðîçâ'ÿçóâàííi áóëî âèêîðèñòàíî ïðîãðàìó

MAPLE i áóëè çíàéäåíi âëàñíi çíà÷åííÿ i ïåðåâiðåíî, ùî ìàêñèìàëüíà êðà-

òíiñòü âëàñíîãî çíà÷åííÿ öi¹¨ çàäà÷i ¹ µ + 1, äå µ � öèêëîìàòè÷íå ÷èñëî

ãðàôó, â äàíîìó âèïàäêó µ+1 = 32, ùî óçãîäæó¹òüñÿ ç ðåçóëüòàòîì ðîáîòè

[41].

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Öÿ äèñåðòàöiéíà ðî-

áîòà ìà¹ òåîðåòè÷íèé õàðàêòåð, òîìó ¨¨ ðåçóëüòàòè ñòàíîâëÿòü iíòåðåñ ó

ãàëóçi ìàòåìàòè÷íî¨ ôiçèêè, äèôåðåíöiàëüíèõ i ðiçíèöåâèõ ðiâíÿíü òà ¨õ

çàñòîñóâàíü. Òàêîæ âîíè ìîæóòü áóòè âèêîðèñòàíi â òåîði¨ ñèíòåçó åëå-

êòðè÷íèõ ëàíöþãiâ.

Êëþ÷îâi ñëîâà: ñòiëüòü¹ñiâñüêà ñòðóíà, ñòðóíà Êðåéíà, óçàãàëüíåíà

ñòiëüòü¹ñiâñüêà ôóíêöiÿ, ãðàô, äåðåâî, êîðiíü, âåðøèíà, âèñÿ÷à âåðøèíà,

ðåáðî, çiðêîâèé ãðàô, àëãåáðà¨÷íà êðàòíiñòü, âëàñíi çíà÷åííÿ, ðåêóðåíòíi

ñïiââiäíîøåííÿ, ãðàíè÷íi óìîâè, ëàíöþãîâèé äðiá, êðàéîâà óìîâà Äiðiõëå,

êðàéîâà óìîâà Íåéìàíà, ðiçíèöåâî-äèôåðåíöiàëüíå ÷èñëåííÿ, êðàéîâà çà-

äà÷à, îáåðíåíà çàäà÷à.
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Dudko A.I. Finite - dimensional spectral problems on graphs. � Qualifying

work on the right of a manuscript.

Thesis for a degree of Doctor of Philosophy in specialty 111 � Mathematics. �

South - Ukrainian national pedagogical university named after K. D. Ushinsky.

Ministry of Educatioin and Science of Ukraine, Odesa, 2022.

The thesis is devoted to problems describing small transverse vibrations of

graphs the edges of which are Stieltjes strings, i.e. weightless elastic threads

bearing �nite number of point (concentrated) masses (beads in M.G. Krein's
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terminology). The same from the mathematical point of view �nite-dimensional

spectral problems describe longitudinal vibrations of graphs the edges of whi-

ch are point masses connected by springs. This topic is a �nite-dimensional

analogue of the so-called quantum graphs theory which deals with spectral

problems generated by the di�erential equations of quantum theory for metric

graphs.

The thesis consists of the introduction, six sections, conclusions to each secti-

on, general conclusions and the list of content which contains 104 items. In the

introduction the object, the subject and the subject-matter of the investigati-

on are described, relevance of the topic and its novelty are proved, practical

importance is shown. The approbation is described and the structure and the

main content are given.

In Section 1 a brief history of �nite-dimensional direct and inverse spectral

problems on an interval, on a star graph and on an arbitrary tree is presented.

The notions of a Stieltjes continued fraction, a branching Stieltjes continued

fraction used in the sequel are described together with the notions of a rational

Nevanlinna function (also called Herglotz function), rational S-function (Sti-

eltjes function) and S0-function. Some known lemmas and theorems are given

on interlacing of poles and zeros of a rational Nevanlinna function, rational

S-function and S0-function which are used in proofs of main theorems in the

further sections.

In Section 2, �rst of all, we solve the direct problem, i.e. describe the

spectrum of vibrations of a Stieltjes string with free ends (the Neumann conditi-

ons at both ends) and compare this spectrum with the spectrum of the problem

describing vibrations of the same string with the ends free and an intermediate

point �xed.

It is proved that the eigenvalues of the problem with the Neumann conditions

at the ends interlace in the non - strict sense with the union of the spectra of

the two problems one of which is generated by the left part of the string with
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the Neumann condition at the left end and the Dirichlet condition at the right

end and the other is generated by the right part of the string with the Neumann

condition at the right end and the Dirichlet condition at the left end.

The corresponding inverse problem is also solved, i.e. the problem of recoveri-

ng the Stieltjes string data by known:

1. The spectrum of the problem of vibrations of this string with free ends

(the Neumann conditions at both ends).

2. The spectrum of the problem of vibrations of the left part of the string

with the Neumann condition at its left end and the Dirichlet condition at

its right end.

3. The spectrum of the problem of vibrations of the right part of the string

with the Neumann condition at its right end and the Dirichlet condition

at its left end.

4. Total masses on the parts of the string.

In Section 3 the direct problem generated by the Stieltjes string equations

on a star graph with three edges is considered.

We deal with the spectral problem for such graph with the number of beads

n1, n2, n3 on the edges and with the Dirichlet conditions at the pendant vertices.

The spectrum of this problem is denoted by {λk}n1+n2+n3
k=1 . The second problem

is the one generated by the Stieltjes string equations on the �rst edge with the

Dirichlet condition at the left end and the Neumann condition at the right end.

The spectrum of it is denoted by {µk}n1k=1. The third problem is the problem

on the union of the second and the third edges with the Dirichlet conditions

at both ends with the spectrum {νk}n2+n3
k=1 . The direct problem lies in proving

that the spectrum of the �rst problem interlaces (in the non-strict sense) with

the union of the spectra of the second and the third problem.

The corresponding inverse problem, i.e. the problem of recovering masses

of the beads and lengths of the intervals between them using the three spectra



9

mentioned above and total lengths of the strings is also solved. It appeared that

the condition of strict interlacing of the terms of the sequence {λk}n1+n2+n3
k=1 with

the terms of the sequence {ξk}n1+n2+n3
k=1 ={µk}n1k=1

⋃
{νk}n2+n3

k=1 is su�cient for

the solution of the inverse problem to exist.

Wherein the masses of the beads and the lengths of the intervals on the

�rst string are uniquely determined while the masses and lengths on the other

strings are not.

In Section 4 two (main) spectral problems are considered on a star graph

of q > 1 edges generated by the recurrence relations of Stieltjes strings with

the conditions of continuity and balance of forces at the central vertex and the

Dirichlet conditions at all the pendant vertices except of one (the root). For

the �rst problem we impose the Neumann condition at the root while for the

second problem the Dirichlet condition. It is known that the spectra of these

problems interlace in the nonstrict sense. In direct problem approach it is shown

that an eigenvalue λ of the �rst problem coincides with an eigenvalue of the

second problem if and only if λ is an eigenvalue of at least two problems on the

edges which are not incident with the root with the Dirichlet conditions at both

ends. This means that the ordered vector of multiplicities of those eigenvalues

of the �rst main problem which coincide with the eigenvalues of the second

main problem is majorized in certain sense by the ordered vector composed of

the numbers of beads on non-root edges by the known procedure.

The corresponding inverse problem, i.e. the problem of recovering masses of

the beads and lengths of the intervals between them on the edges of a star graph

using the two spectra: the spectrum of the problem with the Neumann condition

at the root and the problem with the Dirichlet condition at the root, is solved

also. The fact that the numbers of the beads are given makes the problem more

complicated. It is proved that if two sequences of positive numbers interlace

in the non-strict sense and the multiplicities of coinciding elements of these

sequences are majorized in the sense of Muirhead by a vector constructed via
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the procedure described above in the approach of direct problem then these two

sequences are the spectra of the two main problems with the Dirichlet condition

at the root the �rst, and the Neumann condition the second.

In Section 5 two spectral problems are considered on an arbitrary tree of

q > 1 edges generated by the same recurrence relations of Stieltjes strings

with the same continuity conditions and the balance of forces conditions at the

interior vertices and the Dirichlet conditions at all the pendant vertices except

of one (the root). In the �rst problem the Neumann condition is imposed at

the root while in the second problem the Dirichlet condition. It is shown that

the quotient with the characteristic polynomial of the spectral problem with

the Dirichlet condition at the root as the numerator and the characteristic

polynomial of the spectral problem with the Neumann condition at the root as

the denominator can be expanded into a continuous fraction branching at the

points corresponding to the interior vertices of the tree.

In Section 6 we consider a connected graph which is not a tree but is cycli-

cally connected. A general theory of spectral problems on connected graphs

does not exist. There are only particular concrete results. The results of section

6 are obtained under the condition that the graph is equilateral. Moreover, the

edges, i.e. the Stieltjes strings are symmetric with respect to the midpoint of

the edge. Due to this, the problem is reduced to a simpler algebraic problem. It

allowed to consider vibrations of a semi-regular graph of truncated icosahedron

which appears in applications and has another name of fullerene in chemi-

stry. Program MAPLE is used to �nd the eigenvalues and it is shown that the

maximal multiplicity of an eigenvalue of this problem is µ + 1 where µ is the

cyclomatic number of the graph. In our case µ + 1 = 32 what �ts the results

of [41].

Practical signi�cance of the obtained results. This PhD thesis is of

theoretical direction. Its results are of interest for mathematical physics, di-

�erential and di�erence equations theory and their applications. They can be
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used in the electrical circuits' synthesis theory also.

Keywords: Stieltjes string, Krein's string, generalized Stieltjes function,

graph, tree, root, vertex, pendant vertex, edge, star graph, algebraic multipli-

city, eigenvalues, recurrence relations, boundary conditions, continued fraction,

the Dirichlet boundary condition, the Neumann boundary condition, di�erence-

di�erential calculus, boundary value problem, inverse problem.
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ÂÑÒÓÏ

Ïåðøi äîñëiäæåííÿ â ãàëóçi êîëèâàíü ñòðóí áóëè ðîçïî÷àòi ó 18 ñòîði÷÷i

ó ðîáîòàõ Åéëåðà, Äàëàìáåðà òà Ëàãðàíæà. Ïåðøèìè ñèñòåìàòèçîâàíèìè

ðåçóëüòàòàìè íà öþ òåìó ¹ ìîíîãðàôi¨ Ãåëüìãîëüöà (1863) [64] òà Ðåëåÿ

(1877) [94]. Çîêðåìà, Ãåëüìãîëüö ðîçãëÿäàâ ñòðóíó ç âàíòàæåì íà ñåðåäèíi

¨¨ äîâæèíè, à Ðåëåé çíàõîäèâ âëàñíi ÷àñòîòè òà âëàñíi ôóíêöi¨ i ¨õ çàëå-

æíiñòü âiä ìiñöÿ, äå ðîçòàøîâàíèé âàíòàæ. Iç ñó÷àñíèõ äîñëiäæåíü íà öþ

òåìó ìè çàçíà÷èìî ëèøå [47], äå ÷àñòîòè êîëèâàíü ñòðóí, îá÷èñëåíi çà äî-

ïîìîãîþ òåîði¨, ïîðiâíþâàëèñÿ ç åêñïåðèìåíòàëüíèìè äàíèìè.

Ìàòåìàòèêè ïðàöþþòü ç iäåàëiçîâàíèìè ïðîñòèìè ìîäåëÿìè. Ïðè ðîç-

ãëÿäi ìàëèõ ïîïåðå÷íèõ êîëèâàíü ñòðóíè Ì.Ã. Êðåéí çàïðîâàäèâ ìîäåëü,

íàçâàâøè ¨¨ ñòiëüòü¹ñiâñüêîþ ñòðóíîþ. Íàçâó âií ïîÿñíèâ òèì, ùî ó ñâî-

¨õ äîñëiäæåííÿõ íà öþ òåìó âií âèêîðèñòîâóâàâ ðåçóëüòàòè Ò.I. Ñòiëüòü¹-

ñà. Ñòiëüòü¹ñiâñüêîþ ñòðóíîþ âií íàçâàâ íåâàãîìó ïðóæíó íèòêó, ùî íåñå

íà ñîái òî÷êîâi ìàñè, êîòði âií íàçèâàâ ùå íàìèñòèíàìè. Ñòiëüòü¹ñiâñüêà

ñòðóíà ¹ ÷àñòêîâèì âèïàäêîì ñòðóíè, êîòði íàçèâàþòü ñòðóíàìè Êðåéíà.

Ó ñâî¨õ ðîáîòàõ Ì.Ã. Êðåéí ïðèïóñêàâ ìîæëèâiñòü íåñêií÷åííî¨ êiëüêîñòi

íàìèñòèí, àëå ìè áóäåìî ââàæàòè, ùî êiëüêiñòü íàìèñòèí íà ñòðóíi ñêií-

÷åííà. Äî òî¨ æ ñàìî¨, ç òî÷êè çîðó ìàòåìàòèêè, ìîäåëi çâîäèòüñÿ çàäà÷à

ïðî ïðîäîëüíi êîëèâàííÿ òî÷êîâèõ ìàñ, ç'¹äíàíèõ ïðóæèíàìè. (äèâ. [27]).

Äî òèõ ñàìèõ ðiâíÿíü, ùî ðîçãëÿäàâ Êðåéí, çâîäÿòüñÿ äåÿêi çàäà÷i ç òå-

îði¨ ñèíòåçó åëåêòðè÷íèõ ëàíöþãiâ [62], çîêðåìà ó ìåòîäi Êàóåðà [43]. Öÿ

ìîäåëü øèðîêî âèêîðèñòîâó¹òüñÿ ó ôiçèöi [55], [56], [73].

ßê çàâæäè ó ñïåêòðàëüíié òåîði¨ êðàéîâèõ çàäà÷ ìà¹ ñåíñ ðîçãëÿäàòè

ïðÿìó çàäà÷ó, òîáòî îïèñ ñïåêòðó, ùî ñêëàäà¹òüñÿ ç âëàñíèõ çíà÷åíü òà

îáåðíåíó çàäà÷ó, òîáòî çàäà÷ó âiäíîâëåííÿ ïàðàìåòðiâ ñòðóíè, âèõîäÿ÷è ç

âiäîìèõ ñïåêòðiâ êðàéîâèõ çàäà÷, ùî íåþ ïîðîäæåíi. Ñëiä çàçíà÷èòè, ùî
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ïðÿìà òà îáåðíåíà çàäà÷i äëÿ ñòiëüòü¹ñiâñüêî¨ ñòðóíè çi ñêií÷åííîþ êiëüêi-

ñòþ íàìèñòèí, áóëè ïîâíiñòþ ðîçâ'ÿçàíi ó ìîíîãðàôi¨ Ãàíòìàõåðà i Êðåéíà

[6]. Çîêðåìà, öèìè àâòîðàìè áóëî ïîêàçàíî, ùî äëÿ âiäíîâëåííÿ ïàðàìåòðiâ

ñòiëüòü¹ñiâñüêî¨ ñòðóíè, òîáòî äëÿ çíàõîäæåííÿ ìàñ íàìèñòèí òà äîâæèí

iíòåðâàëiâ ìiæ íèìè, çíàííÿ îäíîãî ñïåêòðà êðàéîâî¨ çàäà÷i íå ¹ äîñòà-

òíiì, à ïîòðiáíå çíàííÿ äâîõ ñïåêòðiâ òà çàãàëüíî¨ äîâæèíè ñòðóíè. Öüîãî

ìîæíà áóëî î÷iêóâàòè òîìó, ùî çàãàëüíà êiëüêiñòü íåâiäîìèõ â îáåðíåíié

çàäà÷i � öå n (êiëüêiñòü íàìèñòèí) ïëþñ n+1 (êiëüêiñòü iíòåðâàëiâ ìiæ íè-

ìè, âðàõîâóþ÷è iíòåðâàëè íà îáîõ êiíöÿõ), òîáòî 2n + 1. Îñêiëüêè ñïåêòð

êðàéîâî¨ çàäà÷i ñêëàäà¹òüñÿ ç n âëàñíèõ çíà÷åíü, òî ïîòðiáíå çíàííÿ äâîõ

ñïåêòðiâ i ùå îäíîãî ïàðàìåòðó.

Öÿ äèñåðòàöiÿ ïðèñâÿ÷åíà çàäà÷àì, ùî îïèñóþòü ìàëi ïîïåðå÷íi êîëè-

âàííÿ ãðàôiâ, ðåáðàìè ÿêèõ ¹ ñòiëüòü¹ñiâñüêi ñòðóíè. Ñëiä çàçíà÷èòè, ùî

ìàáóòü ïåðøîþ ðîáîòîþ íà òåìó êîëèâàíü äåðåâ çi ñòiëüòü¹ñiâñüêèõ ñòðóí

¹ ðîáîòà [58]. Ó âèùå çãàäàíié ìîíîãðàôi¨ [6] îáåðíåíà çàäà÷à íà iíòåðâàëi

ïîëÿãàëà â íàñòóïíîìó. Âiäîìi : 1) ñïåêòð çàäà÷i Äiðiõëå-Äiðiõëå, òîáòî çà-

äà÷i, ïîðîäæåíî¨ ðåêóðåíòíèìè ñïiââiäíîøåííÿìè ñòiëüòü¹ñiâñüêî¨ ñòðóíè

ç óìîâàìè Äiðiõëå íà îáîõ êiíöÿõ (ç òî÷êè çîðó ôiçèêè öå âiäïîâiäà¹ çàêði-

ïëåííþ êiíöiâ ñòðóíè); 2) ñïåêòð çàäà÷i Íåéìàíà-Äiðiõëå, òîáòî ñïåêòð çà-

äà÷i ç óìîâîþ Íåéìàíà íà îäíîìó êiíöi òà óìîâîþ Äiðiõëå íà iíøîìó êiíöi

(ç òî÷êè çîðó ôiçèêè óìîâà Íåéìàíà îçíà÷à¹, ùî âiäïîâiäíèé êiíåöü ñòðóíè

ìîæå âiëüíî ðóõàòèñü ó íàïðÿìêó, ïåðïåíäèêóëÿðíîìó äî ïîëîæåííÿ ðiâíî-

âàãè ñòðóíè); 3) çàãàëüíà äîâæèíà ñòðóíè. Òðåáà çíàéòè ìàñè íàìèñòèí òà

äîâæèíè iíòåðâàëiâ ìiæ íèìè. Öÿ çàäà÷à ó [6] áóëà ðîçâ'ÿçàíà ïîâíiñòþ,

òîáòî 1) çíàéäåíi óìîâè íà äâi ïîñëiäîâíîñòi ÷èñåë, íåîáõiäíi òà äîñòà-

òíi, ùîá âîíè áóëè ñïåêòðàìè çàäà÷ Äiðiõëå-Äiðiõëå (ïåðøà) òà Íåéìàíà-

Äiðiõëå (äðóãà); 2) äîâåäåíà ¹äèíiñòü ðîçâ'ÿçêó; 3) çàïðîïîíîâàíèé ìåòîä

çíàõîäæåííÿ øóêàíèõ ìàñ íàìèñòèí òà äîâæèí iíòåðâàëiâ ìiæ íèìè. Òà-

êèé ïîâíèé ðîçâ'ÿçîê ¹ iäåàëîì, äî ÿêîãî ïðàãíóòü ó äîñëiäæåííi áiëüø
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ñêëàäíèõ çàäà÷ íà öþ òåìó, òîáòî çàäà÷ ïðî êîëèâàííÿ ãðàôiâ çi ñòiëüòü¹-

ñiâñüêèõ ñòðóí. Íà æàëü, íàâiòü ó âèïàäêó çiðêîâîãî ãðàôó ðîçâ'ÿçîê íå ¹

¹äèíèì (äèâ., íàïðèêëàä [39]).

Àêòóàëüíiñòü òåìè. Çàïðîâàäæåíå Ì.Ã. Êðåéíîì ïîíÿòòÿ ñòiëüòü¹ñiâ-

ñüêî¨ ñòðóíè � öå íàéïðîñòiøà ìîäåëü ôiçè÷íèõ îá'¹êòiâ, ùî êîëèâàþòüñÿ.

Ïîïðè ïðîñòîòó, öÿ ìîäåëü ìà¹ òàêó ïåðåâàãó, ùî â íié ïðÿìà òà îáåðíåíà

çàäà÷à áóëè ðîçâ'ÿçàíi ïîâíiñòþ (äèâ. [6]), ïðè÷îìó ðîçâ'ÿçàííÿ ¹ âåëüìè

ïðîñòèì, çíàéäåíi íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó i öi óìî-

âè ëåãêî ïåðåâiðèòè. Íà âiäìiíó âiä öi¹¨ ìîäåëi ó ìîäåëi, â ÿêié ñòðóíà ¹

ãëàäêîþ (¨¨ ùiëüíiñòü ¹ äâi÷i íåïåðåðâíî äèôåðåíöiéîâàíîþ), ðîçâ'ÿçîê áóâ

çíàéäåíèé ó ðîáîòàõ Ìàð÷åíêà [27], Ãåëüôàíäà òà Ëåâiòàíà [7], Ì.Ã. Êðåéíà

[14], àëå ìåòîä âiäíîâëåííÿ ùiëüíîñòi ñòðóíè âèÿâèâñÿ äóæå ñêëàäíèì.

Â òîé æå ÷àñ âàæëèâèé ôiçè÷íèé çìiñò ìàþòü çàäà÷i, äå ðîçãëÿäà¹òüñÿ

íå îäíà ñòðóíà, à ãðàô, óòâîðåíèé çi ñòðóí [58], [60], [61]. Òàêîæ ðiâíÿííÿ

êîëèâàíü ãðàôó çi ñòiëüòü¹ñiâñüêèõ ñòðóí çóñòði÷à¹òüñÿ ó òåîði¨ ñèíòåçó

åëåêòðè÷íèõ ëàíöþãiâ [62]. Ó çâ'ÿçêó ç öèì ðîáîòà ¹ àêòóàëüíîþ.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè. Òå-

ìà äèñåðòàöi¨ çàòâåðäæåíà â÷åíîþ ðàäîþ Äåðæàâíîãî çàêëàäó
”
Ïiâäåííî-

óêðà¨íñüêèé íàöiîíàëüíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Ê. Ä. Óøèíñüêî-

ãî“ (ïðîòîêîë � 3 âiä "25"æîâòíÿ 2018 ð.).

Äèñåðòàöiéíå äîñëiäæåííÿ âèêîíàíî âiäïîâiäíî äî ïëàíó íàóêîâî-

äîñëiäíî¨ ðîáîòè êàôåäðè âèùî¨ ìàòåìàòèêè i ñòàòèñòèêè ôiçèêî-

ìàòåìàòè÷íîãî ôàêóëüòåòó Äåðæàâíîãî çàêëàäó "Ïiâäåííîóêðà¨íñüêèé íà-

öiîíàëüíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Ê. Ä. Óøèíñüêîãî" òà çäiéñíåíî

â ìåæàõ íàóêîâî-äîñëiäíî¨ ðîáîòè çà òåìàìè

1. "Ñêií÷åííîâèìiðíà òà íåñêií÷åííîâèìiðíà òåîðiÿ îïåðàòîðiâ òà îïå-

ðàòîðíèõ â'ÿçîê íà ãðàôàõ" ç 2018 ð. ïî òåïåðåøíié ÷àñ, äåðæàâíèé

ðå¹ñòðàöiéíèé íîìåð 01119U002030;
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2. "Ñêií÷åííîâèìiðíi òà íåñêií÷åííîâèìiðíi äåìïôîâàíi ñèñòåìè"

(2018 ð., äåðæàâíèé ðå¹ñòðàöiéíèé íîìåð 0114U000006).

Ìåòà i çàâäàííÿ äîñëiäæåííÿ. Îá'¹êò äîñëiäæåííÿ � ïðÿìi òà îáåð-

íåíi ñïåêòðàëüíi çàäà÷i äëÿ ãðàôiâ çi ñòiëüòü¹ñiâñüêèõ ñòðóí. Ïðåäìåò äî-

ñëiäæåííÿ � ðîçâ'ÿçàííÿ ïðÿìèõ òà îáåðíåíèõ çàäà÷ äëÿ ãðàôó çi ñòiëü-

òü¹ñiâñüêèõ ñòðóí ç óìîâàìè Äiðiõëå òà Íåéìàíà íà âèñÿ÷èõ âåðøèíàõ i

óìîâàìè íåïåðåðâíîñòi òà áàëàíñó ñèë ó âíóòðiøíiõ âåðøèíàõ.

Ðåàëiçàöiÿ ïîñòàâëåíî¨ ìåòè ïåðåäáà÷à¹ âèðiøåííÿ òàêèõ çàâäàíü:

1. Ðîçâ'ÿçàííÿ ïðÿìî¨ çàäà÷i, òîáòî îïèñàííÿ ñïåêòðó êîëèâàíü ñòiëüòü¹-

ñiâñüêî¨ ñòðóíè ç âiëüíèìè êiíöÿìè (óìîâà Íåéìàíà íà îáîõ êiíöÿõ)

òà ñïåêòðó êîëèâàíü öi¹¨ æ ñòðóíè ç çàêðiïëåíîþ ïðîìiæíîþ òî÷êîþ

(óìîâà Äiðiõëå).

2. Ðîçâ'ÿçàííÿ îáåðíåíî¨ çàäà÷i, òîáòî çàäà÷i âiäíîâëåííÿ äàíèõ ñòiëü-

òü¹ñiâñüêî¨ ñòðóíè çà âiäîìèìè:

(à) ñïåêòðîì êîëèâàíü öi¹¨ ñòðóíè ç âiëüíèìè êiíöÿìè (óìîâà Íåéìà-

íà íà îáîõ êiíöÿõ);

(á) ñïåêòðîì êîëèâàíü ëiâî¨ ÷àñòèíè öi¹¨ ñòðóíè ç îäíèì âiëüíèì (óìî-

âà Íåéìàíà), à äðóãèì � çàêðiïëåíèì (óìîâà Äiðiõëå);

(â) ñïåêòðîì êîëèâàíü ïðàâî¨ ÷àñòèíè ç îäíèì âiëüíèì (óìîâà Íåéìà-

íà), à iíøèì � çàêðiïëåíèì êiíöåì (óìîâà Äiðiõëå);

(ã) çàãàëüíèìè ìàñàìè íà ÷àñòèíàõ ñòðóíè.

3. Îïèñ ñïåêòðó êîëèâàíü çiðêîâîãî ãðàôó, ùî ñêëàäà¹òüñÿ ç òðüîõ ñòiëü-

òü¹ñiâñüêèõ ñòðóí i ïîðiâíÿííÿ öüîãî ñïåêòðó çi ñïåêòðàìè çàäà÷ íà

îäíîìó ðåáði òà íà îá'¹äíàííi äâîõ iíøèõ ðåáåð.

4. Ðîçâ'ÿçàííÿ îáåðíåíî¨ çàäà÷i âiäíîâëåííÿ äàíèõ çiðêîâîãî ãðàôó, ÿêèé

ñêëàäà¹òüñÿ ç òðüîõ ñòiëüòü¹ñiâñüêèõ ñòðóí, çà âiäîìèìè çàãàëüíèìè
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äîâæèíàìè ðåáåð òà òðüîìà ñïåêòðàìè, ïåðøèé ç ÿêèõ � öå ñïåêòð

çàäà÷i íà óñüîìó ãðàôi, äðóãèé � öå ñïåêòð çàäà÷i íà ïåðøîìó ðåáði,

à òðåòié � öå ñïåêòð çàäà÷i íà îá'¹äíàííi äðóãîãî i òðåòüîãî ðåáðà.

5. Ðîçâ'ÿçàííÿ îáåðíåíî¨ ñïåêòðàëüíî¨ çàäà÷i äëÿ çiðêîâîãî ãðàôó çi

ñòiëüòü¹ñiâñüêèõ ñòðóí ç çàäàíîþ êiëüêiñòþ íàìèñòèí íà ðåáðàõ. Çíà-

õîäæåííÿ óìîâ íà äâi ïîñëiäîâíîñòi äiéñíèõ ÷èñåë, íåîáõiäíèõ òà äî-

ñòàòíiõ äëÿ òîãî, ùîá öi ïîñëiäîâíîñòi áóëè ñïåêòðàìè çàäà÷ Äiðiõëå òà

Íåéìàíà íà çiðêîâîìó ãðàôi iç çàäàíîþ êiëüêiñòþ íàìèñòèí íà ðåáðàõ.

6. Îïèñ ñïåêòðó çàäà÷i äëÿ äåðåâà, ÿêå ñêëàäà¹òüñÿ çi ñòiëüòü¹ñiâñüêèõ

ñòðóí. Ðîçêëàä äðîáó, ÷èñåëüíèê ÿêîãî ¹ õàðàêòåðèñòè÷íèì ìíîãî-

÷ëåíîì çàäà÷i Äiðiõëå äëÿ äåðåâà, à çíàìåííèê ¹ õàðàêòåðèñòè÷íèì

ìíîãî÷ëåíîì çàäà÷i Íåéìàíà äëÿ öüîãî æ äåðåâà ó ëàíöþãîâèé äðiá,

ùî ðîçãàëóäæó¹òüñÿ.

7. Ðîçâ'ÿçàííÿ îáåðíåíî¨ çàäà÷i äëÿ äåðåâà, ÿêå ñêëàäà¹òüñÿ çi ñòiëüòü¹-

ñiâñüêèõ ñòðóí.

8. Îïèñ êîëèâàíü óñi÷åíîãî iêîñàåäðà, ðåáðàìè ÿêîãî ¹ îäíàêîâi ñòiëüòü¹-

ñiâñüêi ñòðóíè. Çíàõîäæåííÿ ñïåêòðó â çàäà÷i ïðî ïîïåðå÷íi êîëèâàííÿ

óñi÷åíîãî iêîñàåäðà, ðåáðàìè ÿêîãî ¹ îäíàêîâi ñòiëüòü¹ñiâñüêi ñòðóíè.

Ìåòîäè äîñëiäæåííÿ. Â äèñåðòàöiéíîìó äîñëiäæåííi âèêîðèñòîâó-

¹òüñÿ òåîðiÿ ëàíöþãîâèõ äðîáiâ Ò.I. Ñòiëüòü¹ñà, ðîçêëàä ðàöiîíàëüíèõ S-

ôóíêöié ó ñêií÷åííèé ëàíöþãîâèé äðiá Ì.Ã. Êðåéíà, à òàêîæ ó ëàíöþãîâèé

äðiá, ùî ðîçãàëóäæó¹òüñÿ.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Óñi îäåðæàíi íàóêîâi ðå-

çóëüòàòè ¹ íîâèìè. Õî÷à çàäà÷à çà òðüîìà ñïåêòðàìè äëÿ ñòiëüòü¹ñiâñüêî¨

ñòðóíè âæå ðîçãëÿäàëàñÿ ó [38], àëå òàì êðàéîâi óìîâè áóëè óìîâàìè Äiði-

õëå, ùî çíà÷íî ñïðîùóâàëî ñèòóàöiþ. Çàäà÷i, àíàëîãi÷íî òié, ùî ñòàíîâèòü

ðîçäië 3 äèñåðòàöi¨ âçàãàëi íå ðîçãëÿäàëèñÿ äëÿ ñòiëüòü¹ñiâñüêèõ ñòðóí.
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Çàäà÷à, àíàëîãi÷íà òié, ùî ñòàíîâèòü ðîçäië 4, ðîçãëÿäàëàñÿ ðàíiøå, àëå

áåç îáìåæåíü íà êiëüêiñòü íàìèñòèí íà ðåáðàõ. Ó ïîñòàíîâöi ðîçäiëó 4 öÿ

çàäà÷à ðàíiøå íå ðîçãëÿäàëàñü.

Çàäà÷à ðîçäiëó 5 âiäðiçíÿ¹òüñÿ âiä ïîïåðåäíiõ çàäà÷ íà öþ òåìó òèì, ùî

â íié äîïóñêà¹òüñÿ íàÿâíiñòü íàìèñòèí ó âíóòðiøíiõ âåðøèíàõ.

Çàäà÷à ðîçäiëó 6 ðàíiøå íå ðîçãëÿäàëàñü.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Öÿ äèñåðòàöiéíà ðî-

áîòà ìà¹ òåîðåòè÷íèé õàðàêòåð, òîìó ¨¨ ðåçóëüòàòè ñòàíîâëÿòü iíòåðåñ ó

ãàëóçi ìàòåìàòè÷íî¨ ôiçèêè, äèôåðåíöiàëüíèõ i ðiçíèöåâèõ ðiâíÿíü òà ¨õ

çàñòîñóâàíü. Òàêîæ öi ðåçóëüòàòè ìîæóòü áóòè âèêîðèñòàíi â òåîði¨ ñèíòå-

çó åëåêòðè÷íèõ ëàíöþãiâ.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Óñi ðåçóëüòàòè, ùî âèíîñÿòüñÿ íà çà-

õèñò, îòðèìàíi çäîáóâà÷åì ñàìîñòiéíî. Ïîñòàíîâêà çàäà÷ òà çàãàëüíå êåðiâ-

íèöòâî ðîáîòîþ íàëåæèòü íàóêîâîìó êåðiâíèêó Â.Ì. Ïèâîâàð÷èêó.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Îñíîâíi ïîëîæåííÿ, âèñíîâêè i

ðåçóëüòàòè äèñåðòàöiéíîãî äîñëiäæåííÿ îáãîâîðþâàëèñÿ íà íàóêîâîìó ñå-

ìiíàði "Quantum Graphs and Related Topics" i íà ðîçøèðåíîìó çàñiäàí-

íi êàôåäðè âèùî¨ ìàòåìàòèêè i ñòàòèñòèêè Óíiâåðñèòåòó Óøèíñüêîãî òà

îòðèìàëè ïîçèòèâíó îöiíêó, à òàêîæ áóëè ïðåäñòàâëåíi íà ìiæíàðîäíèõ i

âñåóêðà¨íñüêèõ ìàòåìàòè÷íèõ êîíôåðåíöiÿõ:

1. International scienti�c conference, "Algebraic and geometric methods of

analysis" Odesa, May 30 � June 4, 2018.

2. "3d International Conference on Computer Algebra and Information

Technologies" Odesa I.I. Mechnikov National University, Odesa, August

20 � 25, 2018.

3. International scienti�c conference , "Algebraic and geometric methods of

analysis" Odesa, May 26�30, 2020.

Ïóáëiêàöi¨. Îñíîâíi ïîëîæåííÿ äèñåðòàöiéíîãî äîñëiäæåííÿ âèêëàäåíi
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ó 5 íàóêîâèõ ïðàöÿõ, ç ÿêèõ 1 íàëåæèòü äî ïåðåëiêó ôàõîâèõ íàóêîâèõ

âèäàíü (äèâ. [51]), 4 ñòàòòi îïóáëiêîâàíi ó æóðíàëàõ, ÿêi iíäåêñóþòüñÿ ó

íàóêîìåòðè÷íèõ áàçàõ äàíèõ Scopus(äèâ. [9], [52], [53], [54]).

Ñòðóêòóðà i îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ çi âñòóïó, øå-

ñòè ðîçäiëiâ, âèñíîâêiâ äî êîæíîãî ðîçäiëó i çàãàëüíèõ âèñíîâêiâ, ñïèñêó

âèêîðèñòàíèõ äæåðåë, ùî ìiñòèòü 104 íàéìåíóâàííÿ. Çàãàëüíèé îáñÿã òåêñ-

òó äèñåðòàöi¨ � 125 còîðiíîê, ç íèõ 110 � îñíîâíîãî òåêñòó.
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ÐÎÇÄIË 1

Îãëÿä ðåçóëüòàòiâ çà òåìîþ äèñåðòàöi¨

1.1. Êîðîòêà iñòîðiÿ òåîði¨ îáåðíåíèõ çàäà÷

Iñòîðiÿ òåîði¨ îáåðíåíèõ çàäà÷ ïî÷èíàëàñÿ ç îáåðíåíî¨ çàäà÷i Øòóðìà-

Ëióâiëëÿ. Âîíà ïîëÿãà¹ ó âiäíîâëåííi ïîòåíöiàëó ðiâíÿííÿ Øòóðìà-

Ëióâiëëÿ çà âiäîìèìè ñïåêòðàìè êðàéîâèõ çàäà÷, ïîðîäæåíèõ öèì ðiâíÿ-

ííÿì íà ñêií÷åííîìó iíòåðâàëi. Ïðèéíÿòî ââàæàòè, ùî òåîðiÿ îáåðíåíèõ

çàäà÷, ïîðîäæåíèõ ðiâíÿííÿì Øòóðìà-Ëióâiëëÿ, áåðå ñâié ïî÷àòîê çi çíà-

ìåíèòî¨ ðîáîòè Â. À. Àìáàðöóìÿíà (äèâ. [21]). Â öié ðîáîòi ðîçãëÿäàëàñü

çàäà÷à Øòóðìà-Ëióâiëëÿ ç óìîâàìè Íåéìàíà íà îáîõ êiíöÿõ i áóëî äîâåäå-

íî, ùî ó âèïàäêó íåçáóðåíîãî ñïåêòðó (òîáòî ñïåêòðó, ùî âiäïîâiäà¹ íóëüî-

âîìó ïîòåíöiàëó) ñàì öåé ñïåêòð îäíîçíà÷íî âèçíà÷à¹ ïîòåíöiàë ðiâíÿííÿ,

êîòðèé ¹ òîòîæíüî íóëüîâèì. Âòiì âèÿâèëîñü, ùî öÿ ñèòóàöiÿ ¹ âèíÿòêî-

âîþ. Òàê, ÿêùî íàïðèêëàä êðàéîâi óìîâè íà êiíöÿõ iíòåðâàëó ¹ óìîâàìè

Äiðiõëå, òî îäíîãî ñïåêòðó íåäîñòàòíüî äëÿ îäíîçíà÷íîãî âèçíà÷åííÿ ïî-

òåíöiàëó. Â ðîáîòàõ Ã. Áîðãà (äèâ. [37]) áóëî äîâåäåíî, ùî äëÿ îäíîçíà÷íîãî

âèçíà÷åííÿ ïîòåíöiàëó ïîòðiáíî çíàòè äâà ñïåêòðè êðàéîâèõ çàäà÷ (îêðiì

âèïàäêó çàäà÷i, ðîçãëÿíóòî¨ Â. À. Àìáàðöóìÿíîì).

Âèÿâèëîñü, ùî ó âèïàäêó ñêií÷åííîâèìiðíèõ çàäà÷, òîáòî çàäà÷, ïîðî-

äæåíèõ ðåêóðåíòíèìè ñïiââiäíîøåííÿìè ñòiëüòü¹ñiâñüêî¨ ñòðóíè, ñèòóàöiÿ

ñõîæà.

Ñòiëüòü¹ñiâñüêîþ ñòðóíîþ Ì.Ã. Êðåéí íàçâàâ íåâàãîìó íèòêó, íà ÿêó íà-

íèçàíî ñêií÷åííó êiëüêiñòü íàìèñòèí (çîñåðåäæåíèõ ìàñ), êîòðà íàòÿãíóòà

i ìîæå êîëèâàòèñü ó íàïðÿìêó, ïåðïåíäèêóëÿðíîìó äî ïîëîæåííÿ ñâîãî

ðiâíîâàæíîãî ñòàíó.
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Â äàíîìó âèïàäêó îáåðíåíà çàäà÷à ïîëÿãà¹ ó çíàõîäæåííi ìàñ íàìèñòèí

òà äîâæèí iíòåðâàëiâ ìiæ íèìè, âèõîäÿ÷è çi ñïåêòðiâ êðàéîâèõ çàäà÷. Â

ìîíîãðàôi¨ Ãàíòìàõåðà i Êðåéíà [6] ïîâíiñòþ ðîçâ'ÿçàíà îáåðíåíà çàäà÷à

ñòiëüòü¹ñiâñüêî¨ ñòðóíè, òîáòî áóëî äîâåäåíî, ùî äëÿ îäíîçíà÷íîãî âiäíîâ-

ëåííÿ ìàñ íàìèñòèí òà äîâæèí iíòåðâàëiâ ìiæ íèìè, ïîòðiáíî çíàòè äâà

ñïåêòðè êðàéîâèõ çàäà÷, ïîðîäæåíèõ ðåêóðåíòíèìè ñïiââiäíîøåííÿìè, ùî

îïèñóþòü ïîïåðå÷íi êîëèâàííÿ öi¹¨ ñòðóíè, òà çàãàëüíó äîâæèíó ñòðóíè.

Òàêîæ áóëà çíàéäåíà óìîâà íà äâi ïîñëiäîâíîñòi äîäàòíèõ ÷èñåë íåîáõiäíà

i äîñòàòíÿ äëÿ òîãî, ùîá òi ïîñëiäîâíîñòi áóëè ñïåêòðàìè êðàéîâèõ çàäà÷,

ïîðîäæåíèõ îäíi¹þ ñòðóíîþ. Òàêîæ áóâ çàïðîïîíîâàíèé ìåòîä âiäíîâëåí-

íÿ ìàñ íàìèñòèí òà äîâæèí iíòåðâàëiâ ìiæ íèìè (äèâ. [6]).

Ïåðøà çàäà÷à Øòóðìà-Ëióâiëëÿ çà òðüîìà ñïåêòðàìè áóëà ðîçâ'ÿçàíà ó

ðîáîòàõ [59], [86]. Iäåÿ öèõ ðîáiò ïîëÿãà¹ â òîìó, ùî çàìiñòü ñïåêòðiâ äâîõ

çàäà÷ íà âñüîìó iíòåðâàëi ìîæíà âèêîðèñòîâóâàòè ñïåêòð çàäà÷i íà âñüîìó

iíòåðâàëi òà ñïåêòðè äâîõ çàäà÷ íà ÷àñòèíàõ öüîãî iíòåðâàëó.

Âèÿâèëîñü, ùî ìà¹ ñåíñ i çàäà÷à çà òðüîìà ñïåêòðàìè ó âèïàäêó ñêií-

÷åííîâèìiðíèõ çàäà÷, òîáòî ó âèïàäêó çàäà÷, ïîðîäæåíèõ ðåêóðåíòíèìè

ñïiââiäíîøåííÿìè ñòiëüòü¹ñiâñüêî¨ ñòðóíè. Ïåðøîþ ðîáîòîþ íà öþ òåìó

áóëà [38].

1.2. Ëàíöþãîâèé äðiá Ò. I. Ñòiëüòü¹ñà

Ìè áóäåìî âèêîðèñòîâóâàòè íàñòóïíi ïîçíà÷åííÿ: C � ïëîùèíà êîìïëå-

êñíèõ ÷èñåë, C+ � âiäêðèòà âåðõíÿ ïiâïëîùèíà êîìïëåêñíèõ ÷èñåë, C− �

âiäêðèòà íèæíÿ ïiâïëîùèíà êîìïëåêñíèõ ÷èñåë, R � ìíîæèíà äiéñíèõ ÷è-

ñåë, N � ìíîæèíà íàòóðàëüíèõ ÷èñåë.

Îçíà÷åííÿ 1.1. (äèâèñü [81], Îçíà÷åííÿ 5.1.20). Ôóíêöiÿ ω(z) íàçèâà¹òüñÿ

íåâàíëiííiâñüêîþ ôóíêöi¹þ (àáî R-ôóíêöi¹þ ó òåðìiíàõ [69]), ÿêùî:

1. ôóíêöiÿ ω(z) ¹ àíàëiòè÷íîþ ó ïiâïëîùèíàõ Imz > 0 òà Imz < 0;
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2. ω(z) = ω(z);

3. ImzImω(z) ≥ 0 ïðè Imz 6= 0.

Íàñòóïíi äîïîìiæíi ðåçóëüòàòè öüîãî ðîçäiëó âçÿòi iç ìîíîãðàôi¨ [81].

Ëåìà 1.1. Íåõàé çàäàíi äiéñíi ìíîãî÷ëåíè p òà q áåç ñïiëüíèõ íå äiéñíèõ

êîðåíiâ. Ðîçãëÿíåìî ôóíêöi¨

ω = p+ iq, f =
q

p
, g =

ω

ω
.

1. Íàñòóïíi òâåðäæåííÿ ¹ åêâiâàëåíòíèìè:

(à) |g(z)| < 1 ïðè âñiõ z ∈ C+, òàêèõ ùî ω(z) 6= 0;

(á) ω íå ìà¹ êîðåíiâ ó âiäêðèòié íèæíié ïiâïëîùèíi òà |g(z)| < 1

ïðè âñiõ z ∈ C+;

(â) p 6= 0 òà Imf(z) > 0 ïðè âñiõ z ∈ C+ ç p(z) 6= 0;

(ã) óñi êîðåíi p òà q ¹ äiéñíèìè, f(C+) ⊂ C+ òà f(C−) ⊂ C−.

2. Ïðèïóñòèìî, ùî p 6= 0. Òîäi íàñòóïíi òâåðäæåííÿ ¹ åêâiâàëåíòíè-

ìè:

(à) |g(z)| ≤ 1 ïðè âñiõ z ∈ C+, òàêèõ ùî ω(z) 6= 0;

(á) ω íå ìà¹ êîðåíiâ ó âiäêðèòié íèæíié ïiâïëîùèíi òà |g(z)| ≤ 1

ïðè âñiõ z ∈ C+;

(â) Imf(z) ≥ 0 ïðè âñiõ z ∈ C+ ç p(z) 6= 0;

(ã) óñi êîðåíi p ¹ äiéñíèìè, q = 0 àáî âñi êîðåíi q ¹ äiéñíèìè,

f(C+) ⊂ C+ òà f(C−) ⊂ C−.

Ëåìà 1.2. ßêùî f 6= 0 ¹ ðàöiîíàëüíîþ íåâàíëiííiâñüêîþ ôóíêöi¹þ, òî

i ôóíêöi¨ −
1

f
òà

1

f
+ c

−1

¹ òàêîæ ðàöiîíàëüíèìè íåâàíëiííiâñüêèìè

ôóíêöiÿìè äëÿ êîæíîãî çíà÷åííÿ äiéñíî¨ ñòàëî¨ c, ÿêùî íå f 6= −
1

c
.
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Ëåìà 1.3. Íåõàé f � äiéñíà ðàöiîíàëüíà ôóíêöiÿ, êîòðà çàäîâîëüíÿ¹ óìî-

âó f(C+) ⊂ C+. Òîäi f ìà¹ õî÷à á îäèí êîðiíü àáî ïîëþñ, f(C+) = C+, òà

óñi êîðåíi òà ïîëþñè f ëåæàòü íà äiéñíié îñi, ¹ ïðîñòèìè òà ÷åðãóþ-

òüñÿ, òîáòî ìiæ äâîìà ïîëþñàìè f ¹ êîðiíü f òà ìiæ äâîìà êîðåíÿìè

f ¹ ïîëþñ f . Äëÿ êîæíîãî z ∈ R, êîòðå íå ¹ ïîëþñîì f , âèêîíó¹òüñÿ

íåðiâíiñòü f ′(z) > 0.

Òåîðåìà 1.1. Äiéñíà ðàöiîíàëüíà ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâó f(C+) ⊂

C+ òîäi é òiëüêè òîäi, êîëè âîíà ìîæå áóòè ïðåäñòàâëåíà ó íàñòóïíié

ôîðìi:

f(z) = C
m∏
k=1

(z − βk)
n∏
k=1

1

z − αk
, (1.1)

äå m,n ∈ N0, m + n > 0, ïîñëiäîâíîñòi (α1, · · · , αn) òà (β1, · · · , βm) ¹

ïîñëiäîâíîñòÿìè äiéñíèõ ÷èñåë, ÿêi ÷åðãóþòüñÿ, C > 0, ÿêùî f ìà¹ õî÷à

á îäèí êîðiíü òà íàéáiëüøèé êîðiíü f áiëüøèé, íiæ áóäü-ÿêå ïîëþñ f , òà

C < 0, ÿêùî f ìà¹ õî÷à á îäèí ïîëþñ òà íàéáiëüøèé ïîëþñ f áiëüøèé,

íiæ áóäü-ÿêèé êîðiíü f .

Ëåìà 1.4. Íåõàé n ∈ N òà íåõàé çàäàíà ðàöiîíàëüíà íåâàíëiííiâñüêà

ôóíêöiÿ f ç n ïîëþñàìè. Òîäi iñíóþòü äiéñíi ÷èñëà A ≥ 0, B,

α1 < · · · < αn, Cj > 0 (j = 1, · · · , n) òàêi, ùî

f(z) = Az +B −
n∑
j=1

Cj

z − αj
.

Îçíà÷åííÿ 1.2. Ðàöiîíàëüíà ôóíêöiÿ f íàçèâà¹òüñÿ ñòiëüòü¹ñiâñüêîþ

ôóíêöi¹þ àáî S-ôóíêöi¹þ, ÿêùî âîíà ¹ ðàöiîíàëüíîþ íåâàíëiííiâñüêîþ

ôóíêöi¹þ òà çàäîâîëüíÿ¹ óìîâè:

1. f íå ìà¹ ïîëþñiâ íà ïiâîñi (−∞, 0);

2. f(z) > 0 ïðè z ∈ (−∞, 0).

Òàêó ôóíêöiþ, ÿêó ìè íàçèâà¹ìî ñòiëüòü¹ñiâñüêîþ, â ëiòåðàòóði iíêîëè

íàçèâàþòü óçàãàëüíåíîþ ñòiëüòü¹ñiâñüêîþ ôóíêöi¹þ.
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Îçíà÷åííÿ 1.3. Ðàöiîíàëüíà S-ôóíêöiÿ f íàçèâà¹òüñÿ ðàöiîíàëüíîþ S0-

ôóíêöi¹þ, ÿêùî 0 íå ¹ ïîëþñîì f .

Òàêîæ ìè êàæåìî, ùî S-ôóíêöiÿ (S0-ôóíêöiÿ) f íàëåæèòü äî êëàñó S

(S0) òà çàïèñó¹ìî f ∈ S (f ∈ S0).

Ëåìà 1.5. Ðàöiîíàëüíà íåâàíëiííiâñüêà ôóíêöiÿ, ÿêà íå ¹ ñòàëîþ, ¹ ðà-

öiîíàëüíîþ S-ôóíêöi¹þ òîäi é òiëüêè òîäi, êîëè âîíà ìà¹ õî÷à á îäèí

ïîëþñ òà íàéìåíøèé ïîëþñ ¹ íåâiä'¹ìíèì òà âií ìåíøèé çà áóäü-ÿêèé

êîðiíü öi¹¨ ôóíêöi¨.

Íàñëiäîê 1.1. Äiéñíà ðàöiîíàëüíà ôóíêöiÿ f , ùî íå ¹ ñòàëîþ, ¹ ðàöiî-

íàëüíîþ S-ôóíêöi¹þ òîäi é òiëüêè òîäi, êîëè f ìîæå áóòè ïðåäñòàâëåíà

ó ôîðìi:

f(z) = C0

m∏
k=1

(βk − z)
n∏
k=1

1

αk − z
, (1.2)

äå n ∈ N, m ∈ N0, çðîñòàþ÷i ïîñëiäîâíîñòi (α1, · · · , αn) òà (β1, · · · , βm)

¹ ïîñëiäîâíîñòÿìè äiéñíèõ ÷èñåë, ÿêi ÷åðãóþòüñÿ, α1 ≥ 0, α1 < β1, ÿêùî

m > 0 òà C0 > 0.

Ëåìà 1.6. Íåõàé r ∈ N òà íåõàé f ¹ ðàöiîíàëüíîþ S-ôóíêöi¹þ ç ïîëþñà-

ìè. Òîäi:

1. iñíóþòü ¹äèíå ÷èñëî a, ¹äèíå ÷èñëî b òà ¹äèíà ðàöiîíàëüíà ôóíêöiÿ

g, ÿêà àáî òîòîæíî äîðiâíþ¹ íóëþ, àáî ìà¹ ÿêíàéáiëüøå r−1 êîðåíi

òàêi, ùî

f(z) = a+
1

−bz + g(z)
; (1.3)

2. a = limz→−∞ f(z) ≥ 0, b > 0, òà êiëüêiñòü êîðåíiâ f ¹ r, ÿêùî a > 0

òà r − 1, ÿêùî a = 0;

3. ïîëþñè αk òà êîðåíi βk ôóíêöi¨ f óñi ¹ ïðîñòèìè òà ÷åðãóþòüñÿ,

0 ≤ α1 < β1 < α2 < · · · < βr−1 < αr < βr, ÿêùî a > 0, (1.4)

0 ≤ α1 < β1 < α2 < · · · < βr−1 < αr, ÿêùî a = 0; (1.5)



28

4. ðàöiîíàëüíà ôóíêöiÿ f ñòðîãî çðîñòà¹ ìiæ ñâî¨ìè ïîëþñàìè, òîáòî

â iíòåðâàëàõ (−∞, α1), (αk, αk+1), k = 1, · · · , r − 1 òà (αr,∞).

5. ÿêùî r = 1, òî g ¹ íåâiä'¹ìíîþ ñòàëîþ ôóíêöi¹þ òà g = 0 òîäi é

òiëüêè òîäi, êîëè 0 ¹ ïîëþñîì f ;

6. ÿêùî r > 1, òî g 6= 0 òà h =
1

g
¹ ðàöiîíàëüíîþ S-ôóíêöi¹þ ç r − 1

ïîëþñàìè òà r−1 êîðåíÿìè βh,k, k = 1, · · · , r−1, êîòði ¹ ïðîñòèìè

i ÷åðãóþòüñÿ, 0 ¹ ïîëþñîì h òîäi é òiëüêè òîäi, êîëè 0 ¹ ïîëþñîì

f , òà

βk < βh,k < βk+1 ïðè k = 1, · · · , r − 1, ÿêùî a > 0,

βk = βh,k ïðè k = 1, · · · , r − 1, ÿêùî a = 0.

Ëåìà 1.7. Íåõàé n ∈ N òà íåõàé f ¹ ðàöiîíàëüíîþ S-ôóíêöi¹þ ç ïîëþ-

ñàìè. Òîäi:

1. f äîïóñêà¹ ¹äèíèé ðîçêëàä ó ëàíöþãîâèé äðiá

f(z) = an +
1

−bnz +
1

an−1 +
1

−bn−1z + ...+
1

a1 +
1

−b1z + c0

(1.6)

ç an = limz→−∞ f(z) ≥ 0, ak > 0 ïðè k = 1, · · · , n − 1, bk > 0 ïðè

k = 1, · · · , n, c0 ≥ 0 ç c0 = 0 òîäi é òiëüêè òîäi, êîëè 0 ¹ ïîëþñîì f ;

2. êiëüêiñòü êîðåíiâ f ¹ n, ÿêùî an > 0 òà n− 1, ÿêùî an = 0;

3. ïîëþñè αk òà êîðåíi βk ôóíêöi¨ f ¹ ïðîñòèìè òà ÷åðãóþòüñÿ,

0 ≤ α1 < β1 < α2 < · · · < βn−1 < αn < βn, ÿêùî a > 0; (1.7)

0 ≤ α1 < β1 < α2 < · · · < βn−1 < αn, ÿêùî a = 0; (1.8)
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4. ðàöiîíàëüíà ôóíêöiÿ f ¹ ñòðîãî çðîñòàþ÷îþ ìiæ ¨¨ ïîëþñàìè, òîáòî

íà iíòåðâàëàõ (−∞, α1), (αk, αk+1), k = 1, · · · , n− 1, òà (αn,∞);

5. ÿêùî fj(z) îçíà÷à¹ n − j - äîäàíîê ëàíöþãîâîãî ðîçêëàäó äðîáó (1.6)

ïðè j = 1, · · · , n , òîáòî

fj(z) = aj +
1

−bjz +
1

aj−1 +
1

−bj−1z + ...+
1

a1 +
1

−b1z + c0

(1.9)

òî âñi êîðåíi fj ¹ äiéñíèìè òà ïðîñòèìè, çàïèøåìî β
(j)
1 < · · · < β

(j)
mj

ç mj=j, ÿêùî j < n àáî j = n òà an > 0, òà mn = n−1, ÿêùî an = 0,

òà âèïëèâà¹ íàñòóïíå:

β
(j)
k < β

(j−1)
k < β

(j)
k+1 ïðè j = 2, · · · ,mn, k = 1, · · · , j − 1,

β
(n)
k < β

(n−1)
k ïðè k = 1, · · · , n− 1, ÿêùî an = 0;

òóò ìè çàçíà÷èìî, ùî βk = β
(n)
k .

Ëåìà 1.8. Íåõàé n ∈ N òà íåõàé ôóíêöiÿ f çàäàíà ôîðìóëîþ (1.6) ç

an ≥ 0, ak > 0 ïðè k = 1, · · · , n − 1, bk > 0 ïðè k = 1, · · · , n òà c0 ≥ 0.

Òîäi f ¹ ðàöiîíàëüíîþ S-ôóíêöi¹þ ç n ïîëþñàìè.

Îçíà÷åííÿ 1.4. Ðàöiîíàëüíà ôóíêöiÿ f íàçèâà¹òüñÿ äiéñíîþ ôóíêöi¹þ,

ÿêùî

1. f(z) ¹ äiéñíîþ ïðè äiéñíîìó z,

2. Ref(z) > 0 ïðè Rez > 0.

Ëåìà 1.9. ßêùî âñi êîðåíi òà ïîëþñè äîäàòíî¨ äiéñíî¨ ôóíêöi¨ f , ÿêà íå

¹ ñòàëîþ, çíàõîäÿòüñÿ íà óÿâíié îñi, òî ôóíêöiÿ h âèçíà÷åíà ÿê
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h(z) = if(−iz), ¹ ðàöiîíàëüíîþ íåâàíëiííiâñüêîþ ôóíêöi¹þ i òîäi ¹ ðàöiî-

íàëüíîþ S-ôóíêöi¹þ g, òàêîþ, ùî f(z) = zg(−z2). Â öüîìó âèïàäêó, g

íàëåæèòü S0 òîäi é òiëüêè òîäi, êîëè 0 íå ¹ ïîëþñîì f .

Âèñíîâêè äî ðîçäiëó 1

Ó ðîçäiëi 1 íàâåäåíî êîðîòêó iñòîðè÷íó äîâiäêó ñòîñîâíî êîëà ïèòàíü,

ùî ìàþòü âiäíîøåííÿ äî òåìè ðîáîòè i íàâåäåíi îçíà÷åííÿ, ùî âèêîðèñòî-

âóþòüñÿ òà äåÿêi âiäîìi ëåìè òà òåîðåìè.
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ÐÎÇÄIË 2

Ñïåêòðàëüíà çàäà÷à çà òðüîìà ñïåêòðàìè äëÿ

ðiâíÿííÿ ñòiëüòü¹ñiâñüêî¨ ñòðóíè ç óìîâàìè Íåéìàíà

2.1. Ñòiëüòü¹ñiâñüêà ñòðóíà

Còiëüòü¹ñiâñüêîþ ñòðóíîþ áóäåìî íàçèâàòè íåâàãîìó íèòêó äîâæèíè l,

íà ÿêó íàíèçàíî ñêií÷åííó êiëüêiñòü n íàìèñòèí, ìàñè ÿêèõ - m1, . . . ,mn.

Íàìèñòèíè çàíóìåðîâàíi ó ïîðÿäêó çðîñòàííÿ iíäåêñó, ïî÷èíàþ÷è ç ëiâîãî

êiíöÿ. Âiäñòàíü ìiæ ëiâèì êiíöåì òà ïåðøîþ íàìèñòèíîþ ïîçíà÷èìî ÷åðåç

l0, âiäñòàíü ìiæ j-îþ íàìèñòèíîþ òà (j + 1)-îþ ÷åðåç lj,

j = 1, . . . , n− 1, à âiäñòàíü ìiæ îñòàííüîþ íàìèñòèíîþ òà ïðàâèì êiíöåì -

÷åðåç ln, çðîçóìiëî, ùî
n∑
k=0

lk := l � öå ïîâíà äîâæèíà ñòðóíè.

Ðèñ. 2.1:

Ðîçãëÿíåìî ìàëi ïîïåðå÷íi êîëèâàííÿ òàêî¨ ñòðóíè. Ïîçíà÷èìî ÷åðåç

vk(t) ïîïåðå÷íå çìiùåííÿ k-î¨ íàìèñòèíè (k = 1, . . . , n) ó ìîìåíò ÷àñó t, à

÷åðåç v0(t) òà vn+1(t) ïîïåðå÷íi çìiùåííÿ ëiâîãî òà ïðàâîãî êiíöiâ. Ñòðóíà

íàòÿãíóòà ç ñèëîþ, ùî äîðiâíþ¹ 1.

Äðóãèé çàêîí Íüþòîíà ïðèâîäèòü íàñ äî íàñòóïíèõ òðè÷ëåííèõ

ðåêóðåíòíèõ ñïiââiäíîøåíü:

vk(t)− vk−1(t)

lk−1
−vk+1(t)− vk(t)

lk
+mk

d2vk(t)

dt2
= 0 (k = 1, . . . , n). (2.1)
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Ðîçãëÿíåìî âèïàäîê, êîëè êiíöi ñòðóíè çàêðiïëåíi, ùî îïèñàíî ðiâíÿííÿìè

v0(t) = 0, (2.2)

vn+1(t) = 0, (2.3)

ÿêi áóäåìî íàçèâàòè êðàéîâèìè óìîâàìè Äiðiõëå. Çàäà÷à (2.1)� (2.3) ¹ çà-

äà÷åþ ðiçíèöåâî-äèôåðåíöiàëüíîãî ÷èñëåííÿ.

Ñïåêòðàëüíi çàäà÷i ìè îòðèìó¹ìî, ÿêùî ðàçîì ç ðiâíÿííÿì êîëèâàíü

ðîçãëÿäà¹ìî êðàéîâi óìîâè. Íàïðèêëàä, òàêèìè óìîâàìè ìîæóòü áóòè óìî-

âè Äiðiõëå (2.2), (2.3), àëå öiëêîì ôiçè÷íî îáãðóíòîâàíèìè ¹ òàêîæ óìîâè

Íåéìàíà

v0(t) = v1(t) (2.4)

íà ëiâîìó êiíöi òà

vn(t) = vn+1(t) (2.5)

íà ïðàâîìó. Óìîâà Íåéìàíà îçíà÷à¹, ùî êiíåöü ñòðóíè ìîæå âiëüíî ðóõà-

òèñü ó íàïðÿìi, ïåðïåíäèêóëÿðíîìó äî ñòàíó ðiâíîâàãè ñòðóíè.

2.2. Ïðÿìà ñïåêòðàëüíà çàäà÷à

Ðîçãëÿíåìî ñòiëüòü¹ñiâñüêó ñòðóíó, ÿêà ñêëàäà¹òüñÿ ç äâîõ ÷àñòèí, ÿêi

ç'¹äíàíi êiíöÿìè, à iíøi êiíöi öèõ ñòðóí âiëüíî ðóõàþòüñÿ â íàïðÿìêó, ïåð-

ïåíäèêóëÿðíîìó äî ñòàíó ðiâíîâàãè ñòðóíè. Òî÷êà ç'¹äíàííÿ íå ìiñòèòü

íàìèñòèí. Âèìiðþ¹ìî âiäñòàíi, ïî÷èíàþ÷è âiä âiëüíèõ êiíöiâ. Íóìåðó¹ìî

íàìèñòèíè, ïî÷èíàþ÷è âiä âiëüíèõ êiíöiâ, nj ìàñè m
(j)
k > 0, k = 1, 2, ..., nj,

ðîçòàøîâàíi íà j-òié ÷àñòèíi, j = 1, 2. Öi íàìèñòèíè ïîäiëÿþòü j-òó ÷àñòè-

íó ñòðóíè íà nj + 1 (nj ≥ 1) ïiäiíòåðâàëè, äîâæèíè ÿêèõ ïîçíà÷àþòüñÿ

l
(j)
k > 0 (k = 0, 1, ..., nj) çíîâó ïî÷èíàþ÷è íóìåðóâàòè âiä âiëüíèõ êiíöiâ.

Çîêðåìà, l
(j)
0 öå âiäñòàíü íà j-òié ÷àñòèíi ñòðóíè ìiæ âiëüíèì êiíöåì òà

m
(j)
1 , l

(j)
k äëÿ (k = 1, 2, ..., nj − 1) � öå âiäñòàíü ìiæ m

(j)
k òà m

(j)
k+1, òà l

(j)
nj � öå

âiäñòàíü íà j-òié ñòðóíi ìiæ òî÷êîþ ç'¹äíàííÿ P òà m
(j)
nj .
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Ñèëà íàòÿãó íèòêè ââàæà¹òüñÿ ðiâíîþ 1. Ïîïåðå÷íå çìiùåííÿ íàìèñòè-

íè m
(j)
k ó ÷àñ t ïîçíà÷èìî v

(j)
k (t). Äëÿ çðó÷íîñòi, ïîçíà÷èìî ÷åðåç v

(j)
0 (t)

ïîïåðå÷íå çìiùåííÿ âiëüíèõ êiíöiâ òà ÷åðåç v
(j)
nj+1(t) ïîïåðå÷íå çìiùåííÿ ó

òî÷öi ç'¹äíàííÿ, äèâ. Ðèñ 2.2.

Ðèñ. 2.2:

.

Çàãàëüíà ìàñà j-òî¨ ÷àñòèíè ñòðóíè ïîçíà÷à¹òüñÿ ÷åðåç mj:

mj =

nj∑
k=1

m
(j)
k . (2.6)

Äðóãèé çàêîí Íüþòîíà äà¹ íàñòóïíi ðiâíÿííÿ ðóõó äëÿ ìàñ íàìèñòèí:

v
(j)
k (t)− v(j)

k+1(t)

l
(j)
k

+
v

(j)
k (t)− v(j)

k−1(t)

l
(j)
k−1

+m
(j)
k v

(j)′′

k (t) = 0

(k = 1, 2, ..., nj, j = 1, 2).

Òå, ùî êiíöi ñòðóí ç'¹äíàíi ó òî÷öi P , äà¹ óìîâó íåïåðåðâíîñòi

v
(1)
n1+1(t) = v

(2)
n2+1(t).

Ðiâíÿííÿ áàëàíñó ñèë ó P ïðèçâîäèòü äî

2∑
j=1

v
(j)
nj (t)− v(j)

nj+1(t)

l
(j)
nj

= 0.

Íà âiëüíèõ êiíöÿõ ìà¹ìî

v
(j)
0 (t) = v

(j)
1 (t), j = 1, 2,
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ùî îçíà÷à¹, ùî êiíöi ìîæóòü âiëüíî ðóõàòèñü ó íàïðÿìêó, îðòîãîíàëüíîìó

äî ïîëîæåííÿ ðiâíîâàãè ñòðóíè. Ïiäñòàâëÿþ÷è v
(j)
k (t) = u

(j)
k e

iλt òà ðîáëÿ÷è

çàìiíó ñïåêòðàëüíîãî ïàðàìåòðó z = λ2, ìè îòðèìó¹ìî íàñòóïíi ñïiââiäíî-

øåííÿ äëÿ àìïëiòóä u
(j)
k êîëèâàíü (k = 1, 2, ..., nj, j = 1, 2):

u
(j)
k − u

(j)
k+1

l
(j)
k

+
u

(j)
k − u

(j)
k−1

l
(j)
k−1

−m(j)
k zu

(j)
k = 0, (2.7)

u
(1)
n1+1 = u

(2)
n2+1, (2.8)

2∑
j=1

u
(j)
nj − u

(j)
nj+1

l
(j)
nj

= 0, (2.9)

u
(j)
0 = u

(j)
1 , j = 1, 2. (2.10)

Çãiäíî ç [6] øóêà¹ìî ðîçâ'ÿçîê ñïåêòðàëüíî¨ çàäà÷i (2.7)�(2.10) ó âèãëÿäi:

u
(j)
k = Q

(j)
2k−2(z)u

(j)
1 (k = 1, 2, ..., nj, j = 1, 2), (2.11)

äå Q
(j)
2k−2(z) � ìíîãî÷ëåíè ñòåïåíÿ k− 1, êîòði ¹ ðîçâ'ÿçêàìè (2.7) òà (2.10).

Ââåäåìî ìíîãî÷ëåíè íåïàðíîãî iíäåêñó:

Q
(j)
2k−1(z) =

Q
(j)
2k (z)−Q(j)

2k−2(z)

l
(j)
k

. (2.12)

Çãiäíî ç (2.7) òà (2.12) ìíîãî÷ëåíè Q
(j)
k çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

Q
(j)
2k−1(z) = −zm(j)

k Q
(j)
2k−2(z) +Q

(j)
2k−3(z),

Q
(j)
2k (z) = l

(j)
k Q

(j)
2k−1(z) +Q

(j)
2k−2(z)

(k = 1, 2, ..., nj, j = 1, 2)

òà ïî÷àòêîâi óìîâè

Q
(j)
−1(z) = 0, Q

(j)
0 (z) = 1.

Ïiäñòàâëÿþ÷è (2.11) â (2.8) òà (2.9), ìè îòðèìó¹ìî:

Q
(1)
2n1

(z)u
(1)
1 = Q

(2)
2n2

(z)u
(2)
1 , (2.13)
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2∑
j=1

Q
(j)
2nj−1(z)u

(j)
1 = 0. (2.14)

Ñïåêòð çàäà÷i (2.7)�(2.10) çáiãà¹òüñÿ ç ìíîæèíîþ êîðåíiâ âèçíà÷íèêà

ñèñòåìè (2.13), (2.14), òîáòî ìíîãî÷ëåíà

φ(z) = Q
(1)
2n1−1(z)Q

(2)
2n2

(z) +Q
(1)
2n1

(z)Q
(2)
2n2−1(z). (2.15)

Çàçíà÷èìî, ùî Q
(j)
2nj

(z) ¹ õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì çàäà÷i Íåéìàíà �

Äiðiõëå íà j-òié ñòðóíi:

u
(j)
k − u

(j)
k+1

l
(j)
k

+
u

(j)
k − u

(j)
k−1

l
(j)
k−1

−m(j)
k zu

(j)
k = 0 (k = 1, 2, ..., nj), (2.16)

u
(j)
0 = u

(j)
1 , (2.17)

u
(j)
nj+1 = 0, (2.18)

(k = 1, 2, ..., nj, j = 1, 2),

à Q
(j)
2nj−1(z) � õàðàêòåðèñòè÷íèé ìíîãî÷ëåí çàäà÷i Íåéìàíà � Íåéìàíà íà

j-òié ñòðóíi:

u
(j)
k − u

(j)
k+1

l
(j)
k

+
u

(j)
k − u

(j)
k−1

l
(j)
k−1

−m(j)
k zu

(j)
k = 0 (k = 1, 2, ..., nj),

u
(j)
0 = u

(j)
1 , (2.19)

u
(j)
nj+1 = u(j)

nj
. (2.20)

Âiäïîâiäíî äî [6] (Äîäàòîê II, ðiâíÿííÿ (28)) äðîáè
Q

(j)
2nj

(z)

Q
(j)
2nj−1

(z)
ìîæóòü áóòè

ïðåäñòàâëåíi ó âèãëÿäi íàñòóïíîãî ëàíöþãîâîãî äðîáó:

Q
(j)
2nj

(z)

Q
(j)
2nj−1(z)

= l(j)nj
+

1

−m(j)
nj z +

1

l
(j)
nj−1 +

1

−m(j)
nj−1z + ...+

1

l
(j)
1 +

1

−m(j)
1 z

, (2.21)
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òà ç óðàõóâàííÿì (2.6) ìè îòðèìó¹ìî

lim
z→0

Q
(j)
2nj−1(z)

zQ
(j)
2nj

(z)
= −mj. (2.22)

Â ïîäàëüøîìó íàì áóäå ïîòðiáíî ïîíÿòòÿ íåâàíëiííiâñüêî¨ ôóíêöi¨ òà

S-ôóíêöi¨.

Îçíà÷åííÿ 2.1. (äèâèñü [69] àáî [81], Îçíà÷åííÿ 5.1.24). Êàæóòü, ùî íå-

âàíëiííiâñüêà ôóíêöiÿ ω(z) ¹ S-ôóíêöi¹þ, ÿêùî ω(z) > 0 äëÿ z < 0.

Îçíà÷åííÿ 2.2. Ðàöiîíàëüíà S-ôóíêöiÿ íàçèâà¹òüñÿ S0-ôóíêöi¹þ, ÿêùî

|ω(0)| <∞.

Òåîðåìà 2.1. Ïiñëÿ ñêîðî÷åííÿ ñïiëüíèõ ìíîæíèêiâ(ÿêùî òàêi ¹) ó ÷è-

ñåëüíèêó òà ó çíàìåííèêó ôóíêöiÿ∏2
j=1Q

(j)
2nj

(z)

φ(z)

ñòà¹ S-ôóíêöi¹þ.

Äîâåäåííÿ. Ïðåäñòàâèìî äðiá, âèêîðèñòîâóþ÷è (2.15) íàñòóïíèì ÷èíîì:∏2
j=1Q

(j)
2nj

(z)

φ(z)
=

 2∑
j=1

Q
(j)
2nj−1(z)

Q
(j)
2nj

(z)

−1

.

Òàê ÿê
Q

(j)
2nj

(z)

Q
(j)
2nj−1(z)

� íåâàíëiííiâñüêà ôóíêöiÿ (äèâèñü, íàïðèêëàä, [6],

ñ. 343), òî ïðèõîäèìî äî âèñíîâêó, ùî ôóíêöiÿ −
Q

(j)
2nj−1(z)

Q
(j)
2nj

(z)
òàêîæ ¹ íåâàí-

ëiííiâñüêîþ òàê ñàìî ÿê i ôóíêöiÿ

 2∑
j=1

Q
(j)
2nj−1(z)

Q
(j)
2nj

(z)

−1

. Òàê ÿê S-ôóíêöiÿ

Q
(j)
2nj

(z)

Q
(j)
2nj−1(z)

¹ òàêîæ äîäàòíîþ äëÿ âñiõ z ∈ (−∞, 0), òî

 2∑
j=1

Q
(j)
2nj−1(z)

Q
(j)
2nj

(z)

−1

¹

òàêîæ äîäàòíîþ äëÿ z ∈ (−∞, 0).
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Ïîçíà÷èìî ÷åðåç n =
2∑
j=1

nj òà ÷åðåç {ϑk}nk=1 (ϑk ≥ ϑk′ äëÿ k > k′) âëàñíi

çíà÷åííÿ çàäà÷i (2.7)�(2.10).

Ðîçãëÿíåìî òåïåð ñïåêòðàëüíó çàäà÷ó, êîòðà îïèñó¹ âèïàäîê, â ÿêîìó

òî÷êà P çàêðiïëåíà (äèâ. Ðèñ 2.2.). Òîäi çàìiñòü ðiâíÿíü (2.7)�(2.10) îòðè-

ìó¹ìî:

u
(j)
k − u

(j)
k+1

l
(j)
k

+
u

(j)
k − u

(j)
k−1

l
(j)
k−1

−m(j)
k zu

(j)
k = 0 (k = 1, 2, ..., nj, j = 1, 2), (2.23)

u
(1)
n1+1 = u

(2)
n2+1 = 0, (2.24)

u
(j)
0 = u

(j)
1 , j = 1, 2. (2.25)

Ïîçíà÷èìî ÷åðåç {ξk}nk=1 (ξk ≤ ξk+1) � ñïåêòð çàäà÷i (2.23)�(2.25), à ÷åðåç

{θ(j)
k }

nj
k=1 (θ

(j)
k < θ

(j)
k+1) � ñïåêòð çàäà÷i Íåéìàíà � Äiðiõëå (2.16)�(2.18) íà

j-òié ñòðóíi. Ñïåêòð {ξk}nk=1 ¹ îá'¹äíàííÿì ñïåêòðiâ çàäà÷ (2.16)�(2.18) ç

j = 1 òà j = 2, òîáòî {ξk}nk=1 =
2⋃
j=1

{θ(j)
k }

nj
k=1. Òóò i äàëi ìè íóìåðó¹ìî

åëåìåíòè ïîñëiäîâíîñòi, ùî ¹ îá'¹äíàííÿì ïîñëiäîâíîñòåé ó íåñïàäàþ÷îìó

ïîðÿäêó.

Òåîðåìà 2.2. Ïîñëiäîâíîñòi {ϑk}nk=1 òà {ξk}nk=1 ìàþòü íàñòóïíi âëà-

ñòèâîñòi:

1. 0 = ϑ1 < ξ1 ≤ ϑ2 ≤ ... ≤ ξn;

2. ϑk = ξk−1 òîäi i òiëüêè òîäi, êîëè ϑk = ξk (k = 2, 3, ..., n);

3. êðàòíiñòü ξk íå ïåðåâèùó¹ 2.

Äîâåäåííÿ. Çà òåîðåìîþ 2.1 ðàöiîíàëüíà ôóíêöiÿ

2∏
j=1

Q
(j)
2nj

(z)

φ(z)

¹ S-ôóíêöi¹þ (ïiñëÿ ñêîðî÷åííÿ ñïiëüíèõ ìíîæíèêiâ ó ÷èñåëüíèêó òà ó çíà-

ìåííèêó,ÿêùî òàêi ¹), îòæå ¨¨ êîðåíi ÷åðãóþòüñÿ ç ¨¨ ïîëþñàìè. Öå îçíà÷à¹,
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ùî

0 ≤ ϑ1 ≤ ξ1 ≤ ϑ2 ≤ ... ≤ ξn.

Ïðèïóñòèìî, ùî ξk = ϑk òà ξk = θ
(1)
p äëÿ äåÿêèõ k, p, òîäi ç (2.15) âèïëèâà¹,

ùî

Q
(1)
2n1−1(θ

(1)
p )Q

(2)
2n2

(θ(1)
p ) +Q

(1)
2n1

(θ(1)
p )Q

(2)
2n2−1(θ

(1)
p ) = 0. (2.26)

Òàê ÿê θ
(1)
p - öå êîðiíü ìíîãî÷ëåíà Q

(1)
2n1

(z), ìà¹ìî Q
(j)
2nj−1(θ

(j)
p ) 6= 0. Tîäi

çãiäíî ç (2.26) îòðèìó¹ìî:

Q
(1)
2n1−1(θ

(j)
p )Q

(2)
2n2

(θ(1)
p ) = 0

i, îòæå,

Q
(2)
2n2

(θ(1)
p ) = 0.

Òîäi ξk−1 = ξk òà ξk−1 = ϑk = ξk i òâåðäæåííÿ 2. äîâåäåíî.

Ç 2. ñëiäó¹, ùî ϑ1 < ξ1. Îñêiëüêè Q
(j)
2nj−1(0) = 0 äëÿ j = 1, 2, ìà¹ìî, ùî

çãiäíî ç (2.15) φ(0) = 0, îòæå ϑ1 = 0 i òâåðäæåííÿ 1. äîâåäåíî.

Êðàòíiñòü êîðåíiâ
2∏
j=1

Q
(j)
2nj

(z) íå ìîæå ïåðåâèùóâàòè 2, áî êîæåí ìíî-

æíèê ó äîáóòêó ìà¹ òiëüêè ïðîñòi êîðåíi.

Çàóâàæåííÿ 2.1. Òâåðäæåííÿ 3. Òåîðåìè 2.2. ðiâíîñèëüíå òîìó, ùî êðà-

òíiñòü Q
(j)
k äîðiâíþ¹ 1.

Òåîðåìà 2.3. Ïiñëÿ ñêîðî÷åííÿ ñïiëüíèõ ìíîæíèêiâ ó ÷èñåëüíèêó òà ó

çíàìåííèêó, ÿêùî òàêi ¹, ôóíêöiÿ

φ(z)
2∏
j=1

Q
(j)
2nj−1(z)

ñòà¹ S-ôóíêöi¹þ.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è (2.15), ìè îòðèìó¹ìî

φ(z)

2∏
j=1

Q
(j)
2nj−1(z)

=
Q

(1)
2n1

(z)

Q
(1)
2n1−1(z)

+
Q

(2)
2n2

(z)

Q
(2)
2n2−1(z)

.
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Òàê ÿê
Q

(j)
2nj

(z)

Q
(j)
2nj−1(z)

(j = 1, 2) ¹ S-ôóíêöiÿìè, ìè ïðèõîäèìî äî âèñíîâêó, ùî

¨õ ñóìà òàêîæ ¹ S-ôóíêöi¹þ.

Ïîçíà÷èìî ÷åðåç {χ(j)
k }

nj
k=1, 0 = χ

(j)
1 < χ

(j)
2 < ... < χ

(j)
nj êîðåíi ìíîãî-

÷ëåíà Q
(j)
2nj−1(z) òà ÷åðåç {τk}nk=1 = ∪2

j=1{χ
(j)
k }

nj
k=1.

Òåîðåìà 2.4. Ïîñëiäîâíiñòü {τk}nk=1 ÷åðãó¹òüñÿ ç {ϑk}nk=1 íàñòóïíèì ÷è-

íîì:

1. 0 = τ1 = ϑ1 = τ2 < ϑ2 < τ3 ≤ ϑ3 ≤ τ4 ≤ ... < ϑn;

2. ϑk = τk (k = 3, 4, ..., n− 1) òîäi i òiëüêè òîäi, êîëè ϑk = τk+1;

3. êðàòíiñòü τk íå ïåðåâèùó¹ 2.

Äîâåäåííÿ. Çà òåîðåìîþ 2.3 äðiá

φ(z)

2∏
j=1

Q
(j)
2nj−1(z)

¹ S-ôóíêöi¹þ (ïiñëÿ ñêîðî÷åííÿ ñïiëüíèõ ìíîæíèêiâ ó ÷èñåëüíèêó òà ó çíà-

ìåííèêó, ÿêùî òàêi ¹) òà òîäi êîðåíi öi¹¨ ðàöiîíàëüíî¨ ôóíêöi¨ ÷åðãóþòüñÿ

ç ¨¨ ïîëþñàìè:

τ1 ≤ ϑ1 ≤ τ2 ≤ ϑ2 ≤ τ3 ≤ ϑ3 ≤ τ4 ≤ ... ≤ ϑn.

Íåõàé ϑk = τk = χ
(1)
p , òîäi ç

Q
(1)
2n1−1(χ

(1)
p )Q

(2)
2n2

(χ(1)
p ) +Q

(1)
2n1

(χ(1)
p )Q

(2)
2n2−1(χ

(1)
p ) = 0

âèïëèâà¹

Q
(1)
2n1

(χ(1)
p )Q

(2)
2n2−1(χ

(1)
p ) = 0.

Òàê ÿê ç Q
(1)
2n1−1(χ

(1)
p ) = 0 âèïëèâà¹ Q

(1)
2n1

(χ
(1)
p ) 6= 0, ìà¹ìî Q

(1)
2n1

(χ
(2)
r ) = 0.

Òâåðäæåííÿ 2. äîâåäåíî.
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Òàê ÿê χ
(1)
1 = χ

(2)
1 = 0, òî ìà¹ìî τ1 = τ2 = ϑ1 = 0. Öå ðàçîì ç òâåðäæåí-

íÿì 2. äîâîäèòü òâåðäæåííÿ 1.

Òâåðäæåííÿ 3. âèïëèâà¹ ç òîãî, ùî âëàñíi çíà÷åííÿ êîæíî¨ ç çàäà÷ (2.16),

(2.19), (2.20) ç j = 1 òà j = 2 ¹ ïðîñòèìè (äèâ. [6]).

2.3. Îáåðíåíà çàäà÷à

Â öüîìó ðîçäiëi áóäå ðîçãëÿíóòà îáåðíåíà çàäà÷à âiäíîâëåííÿ ìíîæèí

{m(j)
k }

nj
k=1, {l

(j)
k }

nj
k=1 (j = 1, 2),

âèêîðèñòîâóþ÷è ñïåêòð {ϑk}nk=1, âñi îêðiì îäíîãî åëåìåíòà ìíîæèíè

{ξk}nk=1 =
2⋃
j=1

{θ(j)
k }

nj
k=1

òà çàãàëüíi ìàñè mj ÷àñòèí ñòðóíè. Òóò n =
2∑
j=1

nj.

Òåîðåìà 2.5. Íåõàé çàäàíi çàãàëüíi ìàñè mj =
∑nj

k=1m
(j)
k > 0 íà ÷àñòè-

íàõ ñòðóíè (j = 1, 2). Íåõàé òàêîæ {ϑk}nk=1 ¹ ñïåêòð çàäà÷i (2.7)�(2.10),

{θ(1)
k }

n1
k=1 ¹ ñïåêòð çàäà÷i (2.16)�(2.18) ç j = 1, à {θ(2)

k }
n2−1
k=1 ¹ ïîñëiäîâíiñòü

âëàñíèõ çíà÷åíü (÷àñòèíà ñïåêòðó) çàäà÷i (2.16)�(2.18) ç j = 2 òàêi, ùî:

0 = ϑ1 < ξ1 < ϑ2 < ξ2 < ... < ξn−1 < ϑn, (2.27)

äå {ξk}n−1
k=1 = {θ(1)

k }
n1
k=1

⋃
{θ(2)

k }
n2−1
k=1 .

Òîäi öi äàíi îäíîçíà÷íî âèçíà÷àþòü ìàñè {m(j)
k }

nj
k=1, (j = 1, 2) òà

iíòåðâàëè {l(j)k }
nj
k=1 (j = 1, 2).

Äîâåäåííÿ. Ïîáóäó¹ìî íàñòóïíi ìíîãî÷ëåíè:

R0(z) = (m1 +m2)
n∏
k=2

(
1− z

ϑk

)
, (2.28)

R1(z) =

n1∏
k=1

(
1− z

θ
(1)
k

)
, (2.29)
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R2(z) =

n2−1∏
k=1

(
1− z

θ
(2)
k

)
. (2.30)

Ðîçãëÿíåìî ôóíêöiîíàëüíå ðiâíÿííÿ

R0(z) = m2R1(z)X̃2(z) +m1R2(z)X̃1(z) (2.31)

çà óìîâ X̃1(0) = 1, X̃2(0) = 1. Øóêà¹ìî ðîçâ'ÿçîê öüîãî ðiâíÿííÿ ó êëàñi

ìíîãî÷ëåíiâ. Ïiäñòàâëÿþ÷è z = θ
(1)
k â ðiâíÿííÿ (2.31) òà áåðó÷è äî óâà-

ãè (2.28)�(2.30) (çàçíà÷èìî, ùî ç (2.27) òà (2.30) âèïëèâà¹ R2(θ
(1)
k ) 6= 0),

îòðèìó¹ìî:

X̃1(ν
(1)
p ) =

(m1 +m2)
n∏
k=2

1−
θ

(1)
p

ϑk


m1

n2−1∏
k=1

1−
θ

(1)
p

θ
(2)
k

 . (2.32)

Ïîçíà÷èìî θ
(1)
0 := 0 òà îáåðåìî

X̃1(ν
(1)
0 ) := 1.

Ïîáóäó¹ìî íàñòóïíèé iíòåðïîëÿöiéíèé ìíîãî÷ëåí Ëàãðàíæà

X̃1(z) =

n1∑
p=0

X̃1(θ
(1)
p )

n1∏
i6=p,i=0

z − θ(1)
i

θ
(1)
p − θ(1)

i

. (2.33)

Ïîçíà÷èìî ÷åðåç {χk}n1+1
k=2 êîðåíi ìíîãî÷ëåíà X̃1. Âî÷åâèäü,

X̃1(θ
(1)
p ) =

R0(θ
(1)
p )

m1R2(θ
(1)
p )

=
R0(θ

(1)
p )

m1



d

dz
(R1(z)R2(z))

∣∣∣∣∣∣
z=θ

(1)
p

d

dz
R1(z)

∣∣∣∣∣∣
z=θ

(1)
p



−1

.

ßêùî θ
(1)
p = ξr, òî

(−1)rR0(θ
(1)
p ) = R0(ξr)(−1)r < 0,



42

(−1)r
d

dz
(R1(z)R2(z))

∣∣∣∣∣∣
z=θ

(1)
p

= (−1)r
d

dz
(R1(z)R2(z))

∣∣∣∣∣∣
z=ξr

> 0,

(−1)p
dR1(z)

dz

∣∣∣∣∣∣
z=θ

(1)
p

> 0,

îòæå,

(−1)p−1X̃1(θ
(1)
p ) > 0. (2.34)

Òîäi, êîðåíi {χ(1)
k }

n1+1
k=2 ìíîãî÷ëåíà X̃1(z) ÷åðãóþòüñÿ ç åëåìåíòàìè

ïîñëiäîâíîñòi {θ(1)
k }

n1
k=1 íàñòóïíèì ÷èíîì:

0 < θ
(1)
1 < χ

(1)
2 < θ

(1)
2 < ... < χ(1)

n1
< θ(1)

n1
< χ

(1)
n1+1. (2.35)

Íàðåøòi ïîáóäó¹ìî ìíîãî÷ëåí

X1(z) :=

n1∏
k=2

(
1− z

χ
(1)
k

)
.

Çàâäÿêè (2.35) äðiá −
R1(z)

zm1X1(z)
¹ S-ôóíêöi¹þ, à îòæå

− R1(z)

zm1X1(z)
= l(1)

n1
+

1

−m(1)
n1 z +

1

l
(1)
n1−1 +

1

−m(1)
n1−1z + ...+

1

l
(1)
1 +

1

−m(1)
1 z

(2.36)

ç l
(1)
k > 0, m

(1)
k > 0.

Àíàëîãi÷íî äî (2.32) ìè îòðèìó¹ìî

X̃2(θ
(2)
p ) =

(m1 +m2)
n∏
k=2

1−
θ

(2)
p

µk


m2

n1∏
k=1

1−
θ

(2)
p

θ
(1)
k

 . (2.37)
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Ïîçíà÷èìî θ
(2)
0 := 0 òà îáåðåìî

X̃2(θ
(2)
0 ) := 1.

Òîäi X̃2(z) ìîæíà çíàéòè ó âèãëÿäi iíòåðïîëÿöiéíîãî ìíîãî÷ëåíà Ëàãðàíæà

X̃2(z) =

n2−1∑
p=0

X̃2(θ
(2)
p )

n2−1∏
i 6=p,i=0

z − θ(2)
i

θ
(2)
p − θ(2)

i

. (2.38)

Àíàëîãi÷íî äî (2.34) ìè ïðèõîäèìî äî âèñíîâêó, ùî

(−1)p−1X̃2(θ
(2)
p ) > 0.

Êîðåíi {χ(2)
k }

n2
k=2 ìíîãî÷ëåíà X̃2(z) ÷åðãóþòüñÿ ç åëåìåíòàìè ïîñëiäîâíîñòi

{θ(2)
k }

n2
k=1 íàñòóïíèì ÷èíîì:

0 < θ
(2)
1 < χ

(2)
2 < θ

(2)
2 < ... < χ(2)

n2
< θ(2)

n2
. (2.39)

Ç (2.35) òà (2.39) âèïëèâà¹, ùî
X̃j

Rj
¹ S-ôóíêöi¹þ äëÿ j = 1 òà j = 2. Òîäi

(äèâ. äîâåäåííÿ òåîðåìè 2.1),
X̃1

R1

−1

+

X̃2

R2

−1

−1

òàêîæ ¹ S-ôóíêöi¹þ. Öå îçíà÷à¹, ùî iñíó¹ òiëüêè îäèí êîðiíü ìíîãî÷ëåíà

X̃1X̃2 íà iíòåðâàëi (ϑn,∞). Çãiäíî ç (2.39) öèì êîðåíåì ¹ χ
(1)
n1+1 = θ

(2)
n2 i òîäi

θ
(2)
n2 > ϑn. Îòæå çàâäÿêè (2.27) ìè ïðèõîäèìî äî íåðiâíîñòåé

θ
(2)
n2 > ϑn > χ

(2)
n2 .

Çàâäÿêè (2.39) òà íåðiâíîñòi θ
(2)
n2 > χ

(2)
n2 , ìè ïðèõîäèìî äî âèñíîâêó, ùî

−
R2(z)

zm2X̃2(z)

1−
z

θ
(2)
n2


¹ S-ôóíêöi¹þ òà

−
R2(z)

zm2X̃2(z)

1−
z

θ
(2)
n2

 =
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= l(2)
n2

+
1

−m(2)
n2 z +

1

l
(2)
n2−1 +

1

−m(2)
n2−1z + ...+

1

l
(2)
1 +

1

−m(2)
1 z

. (2.40)

äå

l
(2)
k > 0, m

(2)
k > 0.

Ìè îòîòîæíþ¹ìî êîåôiöi¹íòè m
(2)
k ç ìàñàìè íàìèñòèí íà ïðàâié ÷àñòèíi

ñòðóíè, à êîåôiöi¹íòè l
(2)
k - ç iíòåðâàëàìè ìiæ öèìè íàìèñòèíàìè.

Îòæå, ìè çíàéøëè âñi ìàñè íàìèñòèí òà iíòåðâàëè ìiæ íèìè (îêðiì l
(1)
0

òà l
(2)
0 ) íà ëiâié (j = 1) òà íà ïðàâié (j = 2) ÷àñòèíàõ ñòðóíè.

Òåïåð ìè ìà¹ìî äîâåñòè, ùî ñïåêòð çàäà÷i (2.7)�(2.10), ïîðîäæåíèé îòðè-

ìàíèìè âåëè÷èíàìè ìàñ íàìèñòèí òà äîâæèíàìè iíòåðâàëiâ çáiãà¹òüñÿ ç

{ϑk}nk=1, äå ϑ1 := 0.

Íåõàé Q
(j)
2nj

(z) ¹ õàðàêòåðèñòè÷íèé ìíîãî÷ëåí çàäà÷i Íåéìàíà � Äiðiõëå

(2.16)�(2.18), ïîðîäæåíî¨ îòðèìàíèìè ìàñàìè íàìèñòèí {mk}nk=1 òà iíòåð-

âàëàìè {lk}nk=1 (çíà÷åííÿ l
(j)
0 áåðåìî äîâiëüíî), íåõàé Q

(j)
2nj−1(z) � õàðàêòå-

ðèñòè÷íèé ìíîãî÷ëåí çàäà÷i Íåéìàíà � Íåéìàíà (2.16), (2.19), (2.20). Òîäi

ñïðàâåäëèâå ðîçâèíåííÿ (2.21). Ïîðiâíþþ÷è (2.21), äå j = 1 ç (2.40), ïðè-

õîäèìî äî âèñíîâêó, ùî

Q
(1)
2n1

(z) = T1R1(z), Q
(1)
2n1−1(z) = −T1m1zX1(z), (2.41)

äå T1 � íåíóëüîâà êîíñòàíòà.

Ïîðiâíþþ÷è (2.21), äå j = 2 ç (2.40), ìè ïðèõîäèìî äî

Q
(2)
2n2

(z) = T2R2(z)

1−
z

θ
(2)
n2

 , Q
(2)
2n2−1(z) = −T2zm2X̃2(z). (2.42)

Âèêîðèñòîâóþ÷è (2.41)�(2.42), îòðèìó¹ìî

Q
(1)
2n1

(z)Q
(2)
2n2−1(z) +Q

(2)
2n2

(z)Q
(1)
2n1−1(z) = (2.43)
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= −T1T2z

m2R1(z)X̃2(z) +m1R2(z)X1(z)

1−
z

θ
(2)
n2

 = −T1T2zR0(z).

Òîäi ñïåêòð çàäà÷i (2.7)�(2.10), ïîðîäæåíî¨ îòðèìàíèìè ìàñàìè íàìèñòèí

òà äîâæèíàìè iíòåðâàëiâ ¹ {0} ∪ {ϑk}nk=2.

Òåïåð äîâåäåìî, ùî ðîçâ'ÿçîê îáåðíåíî¨ çàäà÷i ¹äèíèé. Ïðèïóñòèìî, ùî

iñíóþòü íàáîðè

{{l̃(i)k }
nj
k=1, {m̃

(i)
k }

nj
k=1, j = 1, j = 2},

êîòði íå ñïiâïàäàþòü ç îòðèìàíèìè íàáîðàìè

{{l(i)k }
nj
k=1, {m

(i)
k }

nj
k=1, j = 1, j = 2},

êîòði ïîðîäæóþòü çàäà÷ó (2.7)�(2.10) çi ñïåêòðîì {0} ∪ {ϑk}nk=2, çàäà÷ó

(2.16)�(2.18) ç j = 1, ÷è¨ì ñïåêòðîì ¹ {θ(1)
k }

n1
k=1 òà çàäà÷ó (2.16)�(2.18) ç

j = 2, äëÿ ÿêî¨ {θ(2)
k }

n2−1
k=1 ¹ âëàñíèìè çíà÷åííÿìè. Òîäi

φ(z) = −T1T2zR0(z) =

= T1R1(z)Q̃
(2)
2n2−1(z) + T2R2(z)Q̃

(1)
2n1−1(z)

(
1− z

θ̃
(2)
2n2

)
, (2.44)

äå Q̃
(1)
2n1−1 òà Q̃

(2)
2n2−1 ¹ õàðàêòåðèñòè÷íèìè ìíîãî÷ëåíàìè çàäà÷i (2.16),

(2.19), (2.20) ç j = 1 òà j = 2, âiäïîâiäíî, ïîðîäæåíi ìíîæèíàìè

{{l̃(i)k }
nj
k=1, {m̃

(i)
k }

nj
k=1}

ç j = 1 òà j = 2.

Âiäíiìàþ÷è (2.44) âiä (2.43) òà âèêîðèñòîâóþ÷è (2.41) òà (2.42), îòðèìó-

¹ìî

T1R1(z)

T2R2(z)
= −

Q̃
(1)
2n1−1(z)

1−
z

θ̃
(2)
2n2

−Q(1)
2n1−1(z)

1−
z

θ
(2)
2n2


Q̃

(2)
2n2

(z)−Q(2)
2n2

(z)
,

i òîäi T1R1(0) = 0, ùî íåâiðíî, áî T1 6= 0 òà R1(0) = 1.
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Âèñíîâêè äî ðîçäiëó 2

Äëÿ îäíîçíà÷íîãî âèçíà÷åííÿ øóêàíèõ äàíèõ îáåðíåíèõ çàäà÷ öüîãî

ðîçäiëó äîñòàòíüî çíàòè ñïåêòð çàäà÷i (2.7)�(2.10), òîáòî ñïåêòðàëüíî¨ çà-

äà÷i íà âñüîìó iíòåðâàëi ç óìîâàìè Íåéìàíà íà îáîõ êiíöÿõ, ñïåêòð çàäà÷i

(2.16)�(2.18), òîáòî ñïåêòð çàäà÷i íà ëiâié ÷àñòèíi iíòåðâàëó ç óìîâàìè Íå-

éìàíà íà ëiâîìó êiíöi òà Äiðiõëå íà ïðàâîìó êiíöi òà ÷àñòèíó ñïåêòðó çàäà÷i

(2.16)�(2.18) íà ïðàâié ÷àñòèíi iíòåðâàëó ç óìîâàìè Äiðiõëå íà ëiâîìó êiíöi

òà Íåéìàíà íà ïðàâîìó êiíöi.
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ÐÎÇÄIË 3

Ñïåêòðàëüíà çàäà÷à çà òðüîìà ñïåêòðàìè äëÿ

çiðêîâîãî ãðàôó çi ñòiëüòü¹ñiâñüêèõ ñòðóí

3.1. Çiðêîâèé ãðàô çi ñòiëüòü¹ñiâñüêèõ ñòðóí

Ìè ðîçãëÿäà¹ìî òðè ñòiëüòü¹ñiâñüêi ñòðóíè, êîòði ç'¹äíàíi â îäíié òî-

÷öi (äèâ. Ðèñ. 3.1), óòâîðþþ÷è çiðêîâèé ãðàô. Òî÷êà ç'¹äíàííÿ îòðèìàíîãî

çiðêîâîãî ãðàôó íå ìiñòèòü íàìèñòèí. Âèñÿ÷i âåðøèíè îòðèìàíîãî çiðêîâî-

ãî ãðàôó çàôiêñîâàíi, òîáòî íàêëàäåíi óìîâè Äiðiõëå. Ñòðóíè íàòÿãíóòi i

ãðàô ìîæå âiëüíî êîëèâàòèñü ó íàïðÿìêó, ïåðïåíäèêóëÿðíîìó äî ïîëîæåí-

íÿ ðiâíîâàãè ãðàôó. Íóìåðó¹ìî íàìèñòèíè, ïî÷èíàþ÷è âiä âèñÿ÷èõ âåðøèí

ãðàôó. Ïîçíà÷èìî ÷åðåç m
(j)
k > 0 (k = 1, 2, ..., nj) � ìàñó k-òî¨ íàìèñòèíè

j-òî¨ ñòðóíè, à ÷åðåç l
(j)
k > 0 (k = 0, 1, ..., nj) � äîâæèíó k-òîãî iíòåðâàëó

íà j-òié ñòðóíi.

Ñèëà íàòÿãó íèòêè ââàæà¹òüñÿ ðiâíîþ 1. Ïîïåðå÷íå çìiùåííÿ íàìèñòè-

íè m
(j)
k ó ÷àñ t ïîçíà÷èìî v

(j)
k (t).

Ðèñ. 3.1:
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Äðóãèé çàêîí Íüþòîíà äà¹ íàñòóïíi ðiâíÿííÿ ðóõó äëÿ íàìèñòèí:

v
(j)
k (t)− v(j)

k+1(t)

l
(j)
k

+
v

(j)
k (t)− v(j)

k−1(t)

l
(j)
k−1

+m
(j)
k v

(j)′′

k (t) = 0

(k = 1, 2, ..., nj, j = 1, 2, 3).

Ç íåïåðåðâíîñòi ñòðóí ó öåíòðàëüíié âåðøèíi ãðàôó ìè îòðèìó¹ìî

v
(1)
n1+1(t) = v

(2)
n2+1(t) = v

(3)
n3+1(t),

à áàëàíñ ñèë ó öié òî÷öi ïðèçâîäèòü äî

3∑
j=1

v
(j)
nj (t)− v(j)

nj+1(t)

l
(j)
nj

= 0.

Çàêðiïëåííÿ âèñÿ÷èõ âåðøèí îçíà÷à¹ óìîâó Äiðiõëå íà êîæíié çi ñòðóí:

v
(1)
0 (t) = v

(2)
0 (t) = v

(3)
0 (t) = 0.

Ïiäñòàâëÿþ÷è v
(j)
k (t) = u

(j)
k e

iλt òà ðîáëÿ÷è çàìiíó ñïåêòðàëüíîãî ïàðà-

ìåòðó z = λ2, ìè îòðèìó¹ìî íàñòóïíi ðåêóðåíòíi ñïiââiäíîøåííÿ äëÿ àì-

ïëiòóä êîëèâàíü u
(j)
k :

u
(j)
k − u

(j)
k+1

l
(j)
k

+
u

(j)
k − u

(j)
k−1

l
(j)
k−1

−m(j)
k zu

(j)
k = 0 (3.1)

(k = 1, 2, ..., nj, j = 1, 2, 3),

u
(1)
n1+1 = u

(2)
n2+1 = u

(3)
n3+1, (3.2)

3∑
j=1

u
(j)
nj − u

(j)
nj+1

l
(j)
nj

= 0, (3.3)

u
(1)
0 = u

(2)
0 = u

(3)
0 = 0. (3.4)

Ïîçíà÷èìî ÷åðåç {λk}n1+n2+n3
k=1 ñïåêòð çàäà÷i (3.1)�(3.4).
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Òàêîæ ìè ðîçãëÿíåìî ñïåêòðàëüíó çàäà÷ó äëÿ ïåðøî¨ ñòðóíè ç

óìîâîþ Äiðiõëå íà ëiâîìó êiíöi òà óìîâîþ Íåéìàíà íà ïðàâîìó êiíöi (äèâ.

Ðèñ. 3.2):

u
(1)
k − u

(1)
k+1

l
(1)
k

+
u

(1)
k − u

(1)
k−1

l
(1)
k−1

−m(1)
k zu

(1)
k = 0, (k = 1, 2, ..., n1), (3.5)

u
(1)
0 = 0, (3.6)

u
(1)
n1+1 = u(1)

n1
. (3.7)

Ðèñ. 3.2:

Ïîçíà÷èìî ÷åðåç {µk}n1k=1 ñïåêòð çàäà÷i (3.5)�(3.7).

Ðàçîì iç çàäà÷àìè (3.1)�(3.4) òà (3.5)�(3.7), ìè ðîçãëÿíåìî çàäà÷ó, êîòðà

âèíèêà¹, êîëè îäèí ç êiíöiâ äðóãî¨ ñòðóíè ç'¹äíàíèé ç îäíèì ç êiíöiâ òðåòüî¨

ñòðóíè òà íà âiëüíèõ êiíöÿõ íàêëàäåíi óìîâè Äiðiõëå (äèâ. Ðèñ. 3.3):

Ðèñ. 3.3:
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u
(j)
k − u

(j)
k+1

l
(j)
k

+
u

(j)
k − u

(j)
k−1

l
(j)
k−1

−m(j)
k zu

(j)
k = 0 (3.8)

(k = 1, 2, ..., nj, j = 2, 3),

u
(2)
0 = u

(3)
0 = 0, (3.9)

u
(2)
n2+1 = u(3)

n3
. (3.10)

3∑
j=2

u
(j)
nj − u

(j)
nj+1

l
(j)
nj

= 0. (3.11)

Ïîçíà÷èìî ÷åðåç {νk}n2+n3
k=1 ñïåêòð çàäà÷i (3.8)�(3.11).

Ñëiäóþ÷è çà [6], áóäåìî øóêàòè ðîçâ'ÿçêè çàäà÷ (3.1)�(3.4), (3.5)�(3.7),

(3.8)�(3.11) ó íàñòóïíié ôîðìi:

u
(j)
k = R

(j)
2k−2(z)u

(j)
1 (k = 1, 2, ..., nj, j = 1, 2, 3), (3.12)

äå R
(j)
2k−2(z) � ìíîãî÷ëåíè ñòåïåíÿ k − 1.

Çàâäÿêè [6] ìè çíà¹ìî, ùî ìíîãî÷ëåíè R
(j)
k (z) çàäîâîëüíÿþòü ðåêóðåíòíi

ñïiââiäíîøåííÿ

R
(j)
2k−1(z) = −zm(j)

k R
(j)
2k−2(z) +R

(j)
2k−3(z),

R
(j)
2k (z) = l

(j)
k R

(j)
2k−1(z) +R

(j)
2k−2(z)

(k = 1, 2, ..., nj, j = 1, 2, 3)

òà ïî÷àòêîâi óìîâè

R
(j)
−1(z) =

1

l
(j)
0

, R
(j)
0 (z) = 1.

Ïiäñòàâëÿþ÷è (3.12) ó (3.2), (3.3), ìè îòðèìó¹ìî

R
(1)
2n1

(z)u
(1)
1 = R

(2)
2n2

(z)u
(2)
1 = R

(3)
2n3

(z)u
(3)
1 ,

R
(1)
2n1−1(z)u

(1)
1 +R

(2)
2n2−1(z)u

(2)
1 +R

(3)
2n3−1(z)u

(3)
1 = 0,
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àáî â ìàòðè÷íié ôîðìi
R

(1)
2n1

(z) −R(2)
2n2

(z) 0

0 R
(2)
2n2

(z) −R(3)
2n3

(z)

R
(1)
2n1−1(z) R

(2)
2n2−1(z) R

(3)
2n3−1(z)



u

(1)
1

u
(2)
1

u
(3)
1

 = 0. (3.13)

Ìíîæèíà âëàñíèõ çíà÷åíü çàäà÷i (3.1)�(3.4) ñïiâïàäà¹ ç ïîñëiäîâíiñòþ

çíà÷åíü ñïåêòðàëüíîãî ïàðàìåòðó z, äëÿ ÿêèõ ñèñòåìà (3.13) ìà¹ íåòðèâi-

àëüíèé ðîçâ'ÿçîê, òîáòî äëÿ òèõ z, äëÿ ÿêèõ âèçíà÷íèê ìàòðèöi ñèñòåìè

äîðiâíþ¹ 0: ∣∣∣∣∣∣∣∣∣
R

(1)
2n1

(z) −R(2)
2n2

(z) 0

0 R
(2)
2n2

(z) −R(3)
2n3

(z)

R
(1)
2n1−1(z) R

(2)
2n2−1(z) R

(3)
2n3−1(z)

∣∣∣∣∣∣∣∣∣ = 0.

Òîáòî, ñïåêòð {λk}n1+n2+n3
k=1 çàäà÷i (3.1)�(3.4) ñïiâïàäà¹ ç ïîñëiäîâíiñòþ

ðîçâ'ÿçêiâ ðiâíÿííÿ:

Φ(z) := R
(1)
2n1

(z)R
(2)
2n2

(z)R
(3)
2n3−1(z) +R

(1)
2n1−1(z)R

(2)
2n2

(z)R
(3)
2n3

(z)+

+R
(1)
2n1

(z)R
(2)
2n2−1(z)R

(3)
2n3

(z) = 0. (3.14)

Íàçâåìî Φ(z) õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì çàäà÷i (3.1)�(3.4).

Ñïåêòð {µk}n1k=1 çàäà÷i (3.5)�(3.7) ñïiâïàäà¹ ç ìíîæèíîþ ðîçâ'ÿçêiâ ðiâ-

íÿííÿ

R
(1)
2n1−1(z) = 0. (3.15)

Ëiâà ÷àñòèíà ðiâíÿííÿ (3.15) ¹ õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì çàäà÷i

(3.5)�(3.7).

Ïiäñòàâëÿþ÷è (3.12) ó (3.8)�(3.11), ìè îòðèìó¹ìî

R
(2)
2n2

(z)u
(2)
1 = R

(3)
2n3

(z)u
(3)
1 ,

R
(2)
2n2−1(z)u

(2)
1 +R

(3)
2n3−1(z)u

(3)
1 = 0.

àáî â ìàòðè÷íié ôîðìi R
(2)
2n2

(z) −R(3)
2n3

(z)

R
(2)
2n2−1(z) R

(3)
2n3−1(z)

u(2)
1

u
(3)
1

 = 0.
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Ñïåêòð {νk}n2+n3
k=1 çàäà÷i (3.8)�(3.11) ñïiâïàäà¹ ç ìíîæèíîþ ðîçâ'ÿçêiâ

ðiâíÿííÿ

Ψ(z) := R
(2)
2n2

(z)R
(3)
2n3−1(z) +R

(2)
2n2−1(z)R

(3)
2n3

(z) = 0.

Íàçâåìî Ψ(z) õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì çàäà÷i (3.8)�(3.11). Ïî-

çíà÷èìî ÷åðåç {ξk}n1+n2+n3
k=1 îá'¹äíàííÿ ñïåêòðiâ çàäà÷ (3.5)�(3.7) òà (3.8)�

(3.11), òîáòî {ξk}n1+n2+n3
k=1 ={µk}n1k=1

⋃
{νk}n2+n3

k=1 .

Áóäåìî íóìåðóâàòè åëåìåíòè {ξk}n1+n2+n3
k=1 ó íåñïàäàþ÷îìó ïîðÿäêó:

ξ1 ≤ ξ2 ≤ · · · ≤ ξn1+n2+n3.

Ëåìà 3.1. Íåõàé f1(z) òà f2(z) ¹ S0 - ôóíêöi¨. Òîäi f1(z) + f2(z) òà(
f−1

1 (z) + f−1
2 (z)

)−1
òàêîæ S0 - ôóíêöi¨.

Äîâåäåííÿ. Ç òîãî, ùî Imz Im (f1(z) + f2(z)) = Imz Imf1(z) +

Imz Imf2(z) ≥ 0 äëÿ Imz 6= 0 òà f1(z)+f2(z) = f1(z)+f2(z) = f1(z) + f2(z),

ìè ðîáèìî âèñíîâîê, ùî f1(z) + f2(z) ¹ íåâàíëiííiâñüêîþ ôóíêöi¹þ.

Çàçíà÷èâøè, ùî f1(z) > 0 òà f2(z) > 0 äëÿ z ≤ 0, ìè ïðèõîäèìî äî

f1(z) + f2(z) > 0 äëÿ z ≤ 0. Îòæå, f1(z) + f2(z) ¹ S0 - ôóíêöi¹þ.

Ç òîãî, ùî

Im
1

fj(z)
= Im

fj(z)

|fj(z)|2
=
− Imfj(z)

|fj(z)|2
(3.16)

äëÿ j = 1, 2, ìè îòðèìó¹ìî

Im
1

1

f1(z)
+

1

f2(z)

= Im

1

f1(z)
+

1

f2(z)∣∣∣∣∣∣ 1

f1(z)
+

1

f2(z)

∣∣∣∣∣∣
2 =

− Im

 1

f1(z)
+

1

f2(z)


∣∣∣∣∣∣ 1

f1(z)
+

1

f2(z)

∣∣∣∣∣∣
2 .
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Âèêîðèñòîâóþ÷è (3.16), ìè ïðèõîäèìî äî

Im
1

1

f1(z)
+

1

f2(z)

=

Imf1(z)

|f1(z)|2
+

Imf2(z)

|f2(z)|2∣∣∣∣∣∣ 1

f1(z)
+

1

f2(z)

∣∣∣∣∣∣
2 .

Çàâäÿêè Imz Imfj(z) > 0 äëÿ Imz 6= 0 òà j = 1, 2 ìè

ïðèõîäèìî äî Imz Im
1

1

f1(z)
+

1

f2(z)

≥ 0 äëÿ Imz 6= 0.

Òàêîæ ¹ âiðíèì òå, ùî
1

1

f1(z)
+

1

f2(z)

=
1

1

f1(z)
+

1

f2(z)

òà

1

1

f1(z)
+

1

f2(z)

> 0 äëÿ z ≤ 0.

Òåîðåìà 3.1. Ïîñëiäîâíîñòi {λk}n1+n2+n3
k=1 òà {ξk}n1+n2+n3

k=1

çàäîâîëüíÿþòü íàñòóïíi óìîâè:

1. 0 < ξ1 ≤ λ1 ≤ ξ2 ≤ λ2 ≤ ... ≤ ξn1+n2+n3 < λn1+n2+n3;

2. ßêùî λk = λk+1, òî ξk < λk = ξk+1 = λk+1 < ξk+2

(k = 1, 2, ..., n1 + n2 + n3 − 2);

ßêùî λn1+n2+n3−1 = λn1+n2+n3, òî

ξn1+n2+n3−1 < λn1+n2+n3−1 = ξn1+n2+n3 = λn1+n2+n3.

3. Êðàòíiñòü λk òà ξk íå ïåðåâèùó¹ 2 äëÿ âñiõ k.

Äîâåäåííÿ. Ç òîãî, ùî {µk}n1k=1 ¹ êîðåíÿìèR
(1)
2n1−1(z) òà {νk}n2+n3

k=1 ¹ êîðåíÿìè

ìíîãî÷ëåíà Ψ(z), ðîáèìî âèñíîâîê, ùî {ξk}n1+n2+n3
k=1 ¹ êîðåíÿìè ìíîãî÷ëåíà

F (z) := R
(1)
2n1−1(z)

(
R

(2)
2n2

(z)R
(3)
2n3−1(z) +R

(2)
2n2−1(z)R

(3)
2n3

(z)
)
.
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Ðîçãëÿíåìî äðiá

Φ(z)

F (z)
=

R
(1)
2n1

(z)
(
R

(2)
2n2

(z)R
(3)
2n3−1(z) +R

(2)
2n2−1(z)R

(3)
2n3

(z)
)

R
(1)
2n1−1(z)

(
R

(2)
2n2

(z)R
(3)
2n3−1(z) +R

(2)
2n2−1(z)R

(3)
2n3

(z)
)+

+
R

(1)
2n1−1(z)R

(2)
2n2

(z)R
(3)
2n3

(z)

R
(1)
2n1−1(z)

(
R

(2)
2n2

(z)R
(3)
2n3−1(z) +R

(2)
2n2−1(z)R

(3)
2n3

(z)
) =

=
R

(1)
2n1

(z)

R
(1)
2n1−1(z)

+
R

(2)
2n2

(z)R
(3)
2n3

(z)

R
(2)
2n2

(z)R
(3)
2n3−1(z) +R

(2)
2n2−1(z)R

(3)
2n3

(z)
=

=
R

(1)
2n1

(z)

R
(1)
2n1−1(z)

+
1

1

R
(3)
2n3

(z)

R
(3)
2n3−1(z)

+
1

R
(2)
2n2

(z)

R
(2)
2n2−1(z)

.

Ç [6] íàì âiäîìî, ùî
R

(j)
2nj

(z)

R
(j)
2nj−1(z)

¹ S0 - ôóíêöi¹þ äëÿ êîæíîãî

j = 1, 2, 3. Òîäi


 R

(2)
2n2

(z)

R
(2)
2n2−1(z)

−1

+

 R
(3)
2n3

(z)

R
(3)
2n3−1(z)

−1

−1

òàêîæ ¹ S0 - ôóí-

êöi¹þ (äèâ. Ëåìà 3.1.)

Îòæå, ìè ðîáèìî âèñíîâîê, ùî
Φ(z)

F (z)
òàêîæ ¹ S0 - ôóíêöi¹þ i òîäi êîðåíi

öi¹¨ ðàöiîíàëüíî¨ ôóíêöi¨ ÷åðãóþòüñÿ ç ¨¨ ïîëþñàìè ÿê ó òâåðäæåííi 1.

òåîðåìè.

Çàðàç äîâåäåìî òâåðäæåííÿ 3. Âiäîìî, ùî âëàñíi çíà÷åííÿ {µk}n1k=1 çàäà-

÷i Äiðiõëå � Íåéìàíà (3.5)�(3.7) ¹ ïðîñòèìè (äèâ., íàïðèêëàä [6], Äîäàòîê

II, íåðiâíîñòi (20)), òàê ñàìî ÿê i âëàñíi çíà÷åííÿ {νk}n2+n3
k=1 çàäà÷i Äiðiõëå

� Äiðiõëå (3.8)�(3.11). Öå îçíà÷à¹, ùî êðàòíiñòü áóäü-ÿêîãî åëåìåíòà ïîñëi-

äîâíîñòi {ξk}n1+n2+n3
k=1 íå ïåðåâèùó¹ 2. Ó [39] (Òåîðåìà 2.2) áóëî äîâåäåíî,

ùî êðàòíiñòü λk íå ïåðåâèùó¹ 2.

Òâåðäæåííÿ 3. äîâåäåíî.
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Òåïåð äîâåäåìî òâåðäæåííÿ 2. Íåõàé λk = λk+1, òîäi, áåðó÷è äî óâàãè

òâåðäæåííÿ 1., ìà¹ìî λk = ξk+1 = λk+1. Àëå öå îçíà÷à¹, ùî R
(1)
2n1

(λk) =

R
(2)
2n2

(λk) = R
(3)
2n3

(λk) = 0 (äèâ. äîâåäåííÿ Òåîðåìè 2.2 ó [39]). Ç R
(1)
2n1

(λk) = 0

âèïëèâà¹, ùî R
(1)
2n1−1(λk) 6= 0, áî êîðåíi R

(j)
2k (λ) ñòðîãî ÷åðãóþòüñÿ ç êîðå-

íÿìè R
(j)
2k−1(λ) (äèâ. [6]). Ç iíøîãî áîêó, ξk+1 ìîæå áóòè äâîêðàòíèì òiëüêè

ÿêùî R
(1)
2n1−1(ξk+1) = 0 òà

R
(2)
2n2

(ξk+1)R
(3)
2n3−1(ξk+1)+R

(2)
2n2−1(ξk+1)R

(3)
2n3−2(ξk+1) = 0. Òîäi ξk+1 � öå ïðîñòèé

åëåìåíò ïîñëiäîâíîñòi {ξk}n1+n2+n3
k=1 . Òâåðäæåííÿ 2. äîâåäåíî.

Îñêiëüêè çàäà÷à (3.1)�(3.4) ñàìîñïðÿæåíà, òî íåìà¹ ðiçíèöi ìiæ àëãåáðà-

¨÷íîþ òà ãåîìåòðè÷íîþ êðàòíîñòÿìè âëàñíèõ çíà÷åíü {λk}n1+n2+n3
k=1 . Òîìó

ìè âæèâà¹ìî òåðìií "êðàòíiñòü".

3.2. Îáåðíåíà çàäà÷à

Â öüîìó ðîçäiëi ìè ðîçãëÿíåìî îáåðíåíó çàäà÷ó çíàõîäæåííÿ ìàñ íàìè-

ñòèí {m(j)
k }

nj
k=1 (j = 1, 2, 3) òà äîâæèí iíòåðâàëiâ {l(j)k }

nj
k=0 (j = 1, 2, 3),

âèêîðèñòîâóþ÷è íàñòóïíi äàíi: ïîâíi äîâæèíè l1, l2, l3 ñòðóí òà ñïåêòðè

{λk}n1+n2+n3
k=1 , {µk}n1k=1, {νk}

n2+n3
k=1 çàäà÷ (3.1)�(3.4), (3.5)�(3.7), (3.8)�(3.11),

âiäïîâiäíî.

Íàäàëi íàì çíàäîáèòüñÿ äîïîìiæíà òåîðåìà, êîòðà áóëà äîâåäåíà ó [38],

(òóò Òåîðåìà 3.2), êîòðà â íàøèõ òåðìiíàõ ìà¹ íàñòóïíó ôîðìó.

Òåîðåìà 3.2. Íåõàé l2 òà l3 � äîäàòíi ÷èñëà. Íåõàé çàäàíi òðè ïîñëiäîâ-

íîñòi äiéñíèõ ÷èñåë {νk}n2+n3
k=1 , {ν(2)

k }
n2
k=1, {ν

(3)
k }

n3
k=1, êîòði

çàäîâîëüíÿþòü íàñòóïíi óìîâè:

1. νk < νk′, ÿêùî k < k′, ν
(j)
k < ν

(j)
k′ , ÿêùî k < k′ òà j = 2, 3;

2.

{νk}n2+n3
k=1 ∩ {ν(2)

k }
n2
k=1 = ∅,

{νk}n2+n3
k=1 ∩ {ν(3)

k }
n3
k=1 = ∅,
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{τ (2)
k }

n2
k=1 ∩ {ν

(3)
k }

n3
k=1 = ∅.

3. Åëåìåíòè ïîñëiäîâíîñòi {χk}n2+n3
k=1 := {ν(2)

k }
n2
k=1 ∪ {ν

(3)
k }

n3
k=1, çàíóìåðî-

âàíi òàê: χk < χk′, ÿêùî k < k′, ÷åðãóþòüñÿ ç åëåìåíòàìè ïîñëiäîâ-

íîñòi {νk}n2+n3
k=1 , òîáòî

0 < ν1 < χ1 < ν2 < χ2 < ... < νn2+n3 < χn2+n3.

Òîäi iñíó¹ ¹äèíèé íàáið ïîñëiäîâíîñòåé {m(2)
k }

n2
k=1, {m

(3)
k }

n3
k=1, {l

(2)
k }

n2
k=0,

{l(3)
k }

n3
k=0 òàêèõ, ùî

nj∑
k=0

l
(j)
k = lj (j = 2, 3), êîòðèé ïîðîäæó¹ çàäà÷ó

(3.8)�(3.11) çi ñïåêòðîì {νk}n2+n3
k=1 òà çàäà÷i

u
(j)
k − u

(j)
k+1

l
(j)
k

+
u

(j)
k − u

(j)
k−1

l
(j)
k−1

−m(j)
k zu

(j)
k = 0 (k = 1, 2, ..., nj), (3.17)

u
(j)
0 = u

(j)
nj+1 = 0 (3.18)

çi ñïåêòðîì {ν(2)
k }

n2
k=1 ïðè j = 2 òà çi ñïåêòðîì {ν(3)

k }
n3
k=1 ïðè j = 3.

Íàðàçi ìè ïðåäñòàâèìî ãîëîâíèé ðåçóëüòàò öüîãî ðîçäiëó.

Òåîðåìà 3.3. Íåõàé çàäàíi òðè äîäàòíèõ ÷èñëà l1, l2, l3 ðàçîì ç ïîñëiäîâ-

íîñòÿìè äîäàòíèõ ÷èñåë {µk}n1k=1, {νk}
n2+n3
k=1 , {λk}n1+n2+n3

k=1 , êîòði çàäîâîëü-

íÿþòü íàñòóïíi óìîâè:

1) 0 < ξ1 < λ1 < ξ2 < λ2 < ... < ξn1+n2+n3 < λn1+n2+n3, (3.19)

äå {ξk}n1+n2+n3
k=1 ={µk}n1k=1

⋃
{νk}n2+n3

k=1 ;

2) (−1)n1

 n1∏
j=1

l1

µ0 − µj
+

n1∑
k=1

P3(µk)

P2(µk)

n1∏
j=0,j 6=k

1

µk − µj

 > 0; (3.20)

3) (−1)n2+n3

n2+n3∏
j=1

l2l3

ν0 − νj
+

n2+n3∑
k=1

P3(νk)

P1(νk)

n2+n3∏
j=0,j 6=k

1

νk − νj

 > 0, (3.21)

äå

P1(z) =

n1∏
k=1

(
1− z

µk

)
,
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P2(z) = (l2 + l3)

n2+n3∏
k=1

(
1− z

νk

)
,

P3(z) = (l1l2 + l1l3 + l2l3)

n1+n2+n3∏
k=1

(
1− z

λk

)
.

Òîäi:

1. iñíóþòü ïîñëiäîâíîñòi äîäàòíèõ ÷èñåë {m(j)
k }

nj
k=1 (j = 1, 2, 3) òà

{l(j)k }
nj
k=0 (j = 1, 2, 3), êîòði ïîðîäæóþòü çàäà÷i (3.1)�(3.4), (3.5)�

(3.7), (3.8)�(3.11) òàêi, ùî {λk}n1+n2+n3
k=1 ¹ ñïåêòðîì çàäà÷i (3.1)�(3.4),

{µk}n1k=1 ¹ ñïåêòðîì çàäà÷i (3.5)�(3.7), {νk}n2+n3
k=1 ¹ ñïåêòðîì çàäà÷i

(3.8)�(3.11) òà çàãàëüíi äîâæèíè ñòðóí ¹ l1, l2, l3(
lj =

nj∑
k=0

l
(j)
k , j = 1, 2, 3

)
âiäïîâiäíî;

2. öi äàíi îäíîçíà÷íî âèçíà÷àþòü ìàñè íàìèñòèí òà äîâæèíè iíòåð-

âàëiâ íà ïåðøié ñòðóíi.

Äîâåäåííÿ. Ðîçãëÿíåìî ôóíêöiîíàëüíå ðiâíÿííÿ

P3(z) = P1(z)Y (z) + P2(z)X(z), (3.22)

äå X(z), Y (z) � íåâiäîìi ìíîãî÷ëåíè.

Ïiäñòàâëÿþ÷è z = µk ó (3.22), ìè îòðèìó¹ìî:

X(µk) =
P3(µk)

P2(µk)
, k = 1, 2, ..., n1. (3.23)

Ç óìîâè ñòðîãîãî ÷åðãóâàííÿ (3.19) âèïëèâà¹, ùî çíàìåííèê P2(µk) 6= 0.

Çíàéäåìî ìíîãî÷ëåí X(z), âèêîðèñòîâóþ÷è éîãî âiäîìi çíà÷åííÿ (3.23)

òà âèêîðèñòîâóþ÷è ÿê îçíà÷åííÿ µ0 = 0 òà X(µ0) = X(0) = l1.

Ïîáóäó¹ìî íàñòóïíèé iíòåðïîëÿöiéíèé ìíîãî÷ëåí Ëàãðàíæà

X(z) =

n1∑
k=0

X(µk)

n1∏
j=0,j 6=k

z − µj
µk − µj

.

Ïîçíà÷èìî ÷åðåç {ζk}n1k=1 êîðåíi X(z). Ïîòðiáíî ïîêàçàòè, ùî âîíè ÷åðãó-

þòüñÿ ç åëåìåíòàìè ïîñëiäîâíîñòi {µk}n1k=1.
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Òåïåð çíàéäåìî çíàêè çíà÷åíü, ÿêi ïðèéìà¹ ìíîãî÷ëåí X(z) ó òî÷êàõ

z = µk (k = 1, 2, ...). Çà îçíà÷åííÿì {ξk}n1+n2+n3
k=1 ={µk}n1k=1

⋃
{νk}n2+n3

k=1 i

òîäi µk ïîâèíåí ñïiâïàäàòè ç äåÿêèì åëåìåíòîì ïîñëiäîâíîñòi {ξk}n1+n2+n3
k=1 .

Íåõàé µk = ξp, äå p ≥ k ≥ 1. Îòæå, P3(µk) = P3(ξp) i çàâäÿêè (3.19)

ìà¹ìî: P3(µk)(−1)p−1 = P3(ξp)(−1)p+1 > 0. Ç òîãî, ùî µk = ξp âèïëèâà¹, ùî

ïîâèííi áóòè p− k åëåìåíòè ìíîæèíè {νk}n2+n3
k=1 íà iíòåðâàëi (−∞, µk). Öå

îçíà÷à¹, ùî (−1)p−kP2(µk) > 0. Òîäi ç (3.23) âèïëèâà¹ (−1)k+1X(µk) > 0,

äëÿ âñiõ k ≥ 1. Òàêîæ âiäçíà÷èìî, ùî ç (3.20) âèïëèâà¹ (−1)n1X(z) > 0

ïðè z →∞.

Òîäi ìà¹ìî

0 < µ1 < ζ1 < µ2 < ζ2 < ... < µn1 < ζn1. (3.24)

Çàâäÿêè íåðiâíîñòÿì (3.24), ïîñëiäîâíîñòi {µk}n1k=1 òà {ζk}n1k=1 ìîæóòü áó-

òè ðîçãëÿíóòi ÿê ñïåêòðè çàäà÷ Äiðiõëå � Íåéìàíà òà Äiðiõëå � Äiðiõëå.

Âèêîðèñòîâóþ÷è öi ñïåêòðè òà äîâæèíó l1, ìîæåìî ïîáóäóâàòè ñòiëüòü¹ñiâ-

ñüêó ñòðóíó, òîáòî çíàéòè ìàñè {m(1)
k }

n1
k=1 òà äîâæèíè {l

(1)
k }

n1
k=0 çà âiäîìîþ

ïðîöåäóðîþ, îïèñàíîþ ó [6]:

Çàâäÿêè (3.24) äðiá
X(z)

P1(z)
¹ S0-ôóíêöi¹þ òà ìîæå áóòè ðîçêëàäåíèé ó

ëàíöþãîâèé äðiá:

X(z)

P1(z)
= a(1)

n1
+

1

−b(1)
n1 z +

1

a
(1)
n1−1 + · · ·+

1

−b(1)
1 z +

1

a
(1)
0

,

äå a
(1)
k > 0 (k = 0, 1, · · · , n1), b

(1)
k > 0 (k = 1, 2, · · · , n1).

Iäåíòèôiêó¹ìî öi êîåôiöi¹íòè ç ìàñàìè íàìèñòèí òà äîâæèíàìè iíòåð-

âàëiâ ìiæ íèìè íà ïåðøié ñòðóíi, òîáòî ak = l
(1)
k , (k = 0, 1, · · · , n1),

bk = m
(1)
k , (k = 1, 2, · · · , n1). Öå îçíà÷à¹, ùî ïîñëiäîâíîñòi {l(1)

k }
n1
k=0,
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{m(1)
k }

n1
k=1 ïîðîäæóþòü çàäà÷ó (3.5)�(3.7) çi ñïåêòðîì {µk}n1k=1 òà çàäà÷ó

(3.17),(3.18) çi ñïåêòðîì {ζk}n1k=1. Òîäi

R
(1)
2n1−1(z) = P1(z) (3.25)

òà

R
(1)
2n1

(z) = X(z). (3.26)

Çíàéäåìî Y (z). Òåïåð ïiäñòàâèìî z = νk ó ðiâíÿííÿ (3.22) òà îòðèìà¹ìî

Y (νk) =
P3(νk)

P1(νk)
, k = 1, 2, · · · , n2 + n3. (3.27)

Ç óìîâè ñòðîãîãî ÷åðãóâàííÿ (3.19) âèïëèâà¹,ùî P1(νk) 6= 0.

Ïîáóäó¹ìî ìíîãî÷ëåí Y (z), âèêîðèñòîâóþ÷è éîãî âiäîìi çíà÷åííÿ (3.27)

òà âèêîðèñòîâóþ÷è ÿê îçíà÷åííÿ ν0 = 0 òà Y (ν0) = Y (0) = l2l3.

Iíòåðïîëÿöiéíèé ìíîãî÷ëåí Ëàãðàíæà áóäå ìàòè íàñòóïíó ôîðìó

Y (z) =

n2+n3∑
k=0

Y (νk)

n2+n3∏
j=0,j 6=k

z − νj
νk − νj

.

Ïîçíà÷èìî ÷åðåç {χk}n2+n3
k=1 êîðåíi ìíîãî÷ëåíà Y (z). Ïîòðiáíî ïîêàçà-

òè, ùî âîíè ÷åðãóþòüñÿ ç åëåìåíòàìè ïîñëiäîâíîñòi {νk}n2+n3
k=1 . Òåïåð çíà-

éäåìî çíàêè çíà÷åíü, ÿêi ïðèéìà¹ ìíîãî÷ëåí Y (z) ó òî÷êàõ z = νk

(k = 1, 2, · · · , n2 + n3). Çà îçíà÷åííÿì {ξk}n1+n2+n3
k=1 ={µk}n1k=1

⋃
{νk}n2+n3

k=1 i

òîäi νk ïîâèíåí ñïiâïàäàòè ç äåÿêèì åëåìåíòîì ïîñëiäîâíîñòi {ξk}n1+n2+n3
k=1 .

Íåõàé νk = ξp, äå p ≥ k ≥ 1. Îòæå, P3(νk) = P3(ξp) i çàâäÿêè (3.19) ìà¹-

ìî: P3(νk)(−1)p−1 = P3(ξp)(−1)p+1 > 0. Ç òîãî, ùî νk = ξp, âèïëèâà¹, ùî

ïîâèííi áóòè p− k åëåìåíòè ïîñëiäîâíîñòi {µk}n1k=1 íà iíòåðâàëi (−∞, µk).

Öå îçíà÷à¹, ùî (−1)p−kP1(νk) > 0. Çàðàç iç ðiâíÿííÿ (3.27) âèïëèâà¹, ùî

(−1)k+1Y (νk) > 0 ïðè k ≥ 1. Îòæå, ç (3.21) âèïëèâà¹, ùî (−1)n2+n3Y (z) > 0

ïðè z →∞.

Òîäi ìà¹ìî

0 < ν1 < χ1 < ν2 < χ2 < ... < νn2+n3 < χn2+n3.
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Ïîñëiäîâíiñòü {νk}n2+n3
k=1 ìîæå áóòè ðîçãëÿíóòà ÿê ñïåêòð çàäà÷i

Äiðiõëå � Äiðiõëå íà iíòåðâàëi, ñôîðìîâàíîìó ÿê îá'¹äíàííÿ äðóãî¨ òà òðå-

òüî¨ ñòðóí, êîëè {χk}n2+n3
k=1 ¹ îá'¹äíàííÿì ñïåêòðiâ çàäà÷ Äiðiõëå � Äiðiõëå

íà äðóãié òà òðåòié ñòðóíàõ.

Ìà¹ìî ïîñëiäîâíiñòü {νk}n2+n3
k=1 òà ïîñëiäîâíiñòü {χk}n2+n3

k=1 , êîòðó ìè ðîç-

ãëÿäà¹ìî ÿê îá'¹äíàííÿ ïîñëiäîâíîñòåé {ν(2)
k }

n2
k=1, {ν

(3)
k }

n3
k=1. Çâiñíî, ìè ìî-

æåìî äîâiëüíî iäåíòèôiêóâàòè ¨õ. Âî÷åâèäü, {νk}n2+n3
k=1 , {ν(2)

k }
n2
k=1,

{ν(3)
k }

n3
k=1 çàäîâîëüíÿþòü óìîâè Òåîðåìè 3.2. Îòæå, {νk}n2+n3

k=1 ¹ ñïåêòðîì

çàäà÷i (3.8)�(3.11), {ν(2)
k }

n2
k=1 ¹ ñïåêòðîì çàäà÷i (3.17), (3.18) ç j = 2 òà

{ν(3)
k }

n2
k=1 ¹ ñïåêòðîì çàäà÷i (3.17), (3.18) ç j = 3.

Ìåòîä çíàõîäæåííÿ {m(2)
k }

n2
k=1, {m

(3)
k }

n3
k=1, {l

(2)
k }

n2
k=0, {l

(3)
k }

n3
k=0 ïîëÿãà¹ ó íà-

ñòóïíîìó.

Ïîáóäó¹ìî íàñòóïíi ìíîãî÷ëåíè:

Qj(z) = lj

nj∏
k=1

(
1− z

ν
(j)
k

)
, j = 2, 3,

òà iíòåðïîëÿöiéíi ìíîãî÷ëåíè Ëàãðàíæà

R2(z) =

nj∑
k=1

zP2(ν
(2)
k )

ν
(2)
k Q3(ν

(2)
k )

n2∏
p=1,p 6=k

z − ν(2)
p

ν
(2)
k − ν

(2)
p

+

n2∏
k=1

ν
(2)
k − z

ν
(2)
k

,

R3(z) =

n3∑
k=1

zP2(ν
(3)
k )

ν
(3)
k Q2(ν

(3)
k )

n3∏
p=1,p 6=k

z − ν(3)
p

ν
(3)
k − ν

(3)
p

+

n3∏
k=1

ν
(3)
k − z

ν
(3)
k

.

Ïîçíà÷èìî ÷åðåç {α(j)
k }

nj
k=1, (j = 2, 3) êîðåíi ìíîãî÷ëåíà Rj(z), çàíó-

ìåðîâàíi ó ïîðÿäêó çðîñòàííÿ.

Çãiäíî ç äîâåäåííÿì òåîðåìè 2.1 ó [38], âèêîíóþòüñÿ íàñòóïíi óìîâè

÷åðãóâàííÿ:

0 < α
(j)
1 < ν

(j)
1 < α

(j)
2 < ν

(j)
2 < ... < α(j)

nj
< ν(j)

nj
, j = 2, 3.

Çàâäÿêè öèì íåðiâíîñòÿì ìè ïðèõîäèìî äî âèñíîâêó, ùî
Qj(z)

Rj(z)
¹

S0 - ôóíêöi¹þ ïðè j = 2, 3. Ðîçâèâàþ÷è ðàöiîíàëüíi ôóíêöi¨
Qj(z)

Rj(z)
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(j = 2, 3) ó ëàíöþãîâèé äðiá, îòðèìó¹ìî:

Qj(z)

Rj(z)
= a(j)

nj
+

1

−b(j)
nj z +

1

a
(j)
nj−1 + · · ·+

1

−b(j)
1 z +

1

a
(j)
0

,

äå óñi a
(j)
k òà b

(j)
k ¹ äîäàòíèìè ÷èñëàìè. Iäåíòèôiêó¹ìî ¨õ íàñòóïíèì ÷èíîì:

a
(j)
k = l

(j)
k , b

(j)
k = m

(j)
k , òîáòî ïðèïóñòèìî, ùî ÷èñëà {m(j)

k }
nj
k=1, (j = 2, 3) ¹

ìàñàìè íàìèñòèí íà j-òié ñòiëüòü¹ñiâñüêié ñòðóíi òà {l(j)k }
nj
k=0, (j = 2, 3) ¹

äîâæèíàìè ïiäiíòåðâàëiâ íà j-òié ñòiëüòü¹ñiâñüêié ñòðóíi. Âî÷åâèäü, ìà¹ìî

nj∑
k=0

l
(j)
k =

Qj(0)

Rj(0)
= lj.

Òîäi, çãiäíî ç [38], {νk}n2+n3
k=1 ¹ ñïåêòðîì çàäà÷i (3.8)�(3.11) òà

{ν(j)
k }

nj
k=1, (j = 2, 3) ¹ ñïåêòðàìè çàäà÷ (3.17), (3.18), ïîðîäæåíèìè öèìè

ìàñàìè òà äîâæèíàìè.

Òàêèì ÷èíîì,

R
(2)
2n2−1(z)R

(3)
2n3

(z) +R
(3)
2n3−1(z)R

(2)
2n2

(z) = P2(z) (3.28)

òà

R
(j)
2nj

(z) = Qj(z), (j = 2, 3), (3.29)

R
(j)
2nj−1(z) = Rj(z), (j = 2, 3). (3.30)

Òåïåð äîâåäåìî, ùî çàäà÷à (3.1)�(3.4), ïîðîäæåíà îòðèìàíèìè ìàñàìè

òà äîâæèíàìè, ìà¹ ñïåêòð {λk}n1+n2+n3
k=1 .

Ðîçãëÿíåìî ðiâíÿííÿ (3.22) ç óìîâàìè Y (0) = l2l3, X(0) = l1. Ìè

âæå çíàéøëè éîãî ðîçâ'ÿçîê, à çàðàç íàì ïîòðiáíî äîâåñòè ¹äèíiñòü öüîãî

ðîçâ'ÿçêó.

Ïðèïóñòèìî, ùî iñíó¹ iíøèé ðîçâ'ÿçîê (X̃(z); Ỹ (z)), òàêèé, ùî

P3(z) = P1(z)Ỹ (z) + P2(z)X̃(z). (3.31)
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Âiäíiìàþ÷è (3.31) âiä (3.22), ìè îòðèìó¹ìî

P1(z)(Y (z)− Ỹ (z)) = −P2(z)(X(z)− X̃(z)).

Çâiäñè ìè áà÷èìî, ùî Y (z) − Ỹ (z) = CP2(z) òà X(z) − X̃(z) = −CP1(z),

äå C ¹ êîíñòàíòîþ.

Âèõîäÿ÷è ç òîãî, ùî Ỹ (0) = Y (0) = l2l3 òà X̃(0) = X(0) = l1, ðîáèìî

âèñíîâîê, ùî C = 0. Òàêèì ÷èíîì, ìè äîâåëè ¹äèíiñòü ðîçâ'ÿçêó (3.31) ç

óìîâàìè Ỹ (0) = Y (0) = l2l3 òà X̃(0) = X(0) = l1.

Ñïåêòð çàäà÷i (3.1)�(3.4) ç îòðèìàíèìè ìàñàìè òà iíòåðâàëàìè âiäïîâiä-

íî äî (3.14) ¹ ïîñëiäîâíiñòþ êîðåíiâ ìíîãî÷ëåíà

R
(1)
2n1−1(z)R

(2)
2n2

(z)R
(3)
2n3

(z)+

+R
(1)
2n1

(z)
(
R

(2)
2n2

(z)R
(3)
2n3−1(z) +R

(2)
2n2−1(z)R

(3)
2n3

(z)
)
.

Âiäïîâiäíî äî (3.25),(3.26),(3.28),(3.29),(3.30), ìà¹ìî:

R
(1)
2n1−1(z)R

(2)
2n2

(z)R
(3)
2n3

(z)+

+R
(1)
2n1

(z)
(
R

(2)
2n2

(z)R
(3)
2n3−1(z) +R

(2)
2n2−1(z)R

(3)
2n3

(z)
)

=

= P1(z)Y (z) + P2(z)X(z) = P3(z),

òà ïîñëiäîâíiñòþ êîðåíiâ P3(z) ¹ {λk}n1+n2+n3
k=1 .

Çàóâàæåííÿ 3.1. Ç äîâåäåííÿ Òåîðåìè 3.3 çðîçóìiëî, ùî äàíi {µk}n1k=1,

{νk}n2+n3
k=1 , {λk}n1+n2+n3

k=1 , l1, l2, l3 îäíîçíà÷íî âèçíà÷àþòü ìàñè {m(1)
k }

n1
k=1 òà

äîâæèíè {l(1)
k }

n1
k=0 íà ïåðøié ñòðóíi, àëå äîâiëüíèé âèáið {ν(2)

k }
n2
k=1 òà

{ν(3)
k }

n3
k=1 ñåðåä {χk}n2+n3

k=1 íå äà¹ ìîæëèâîñòi îäíîçíà÷íî âèçíà÷èòè ìà-

ñè {m(j)
k }

nj
k=1 (j = 2, 3) òà äîâæèíè {l(j)k }

nj
k=1 (j = 2, 3).

Âèñíîâêè äî ðîçäiëó 3

Ó ðîçäiëi 3 ðîçâ'ÿçàíà íàñòóïíà ïðÿìà çàäà÷à, ïîðîäæåíà ðiâíÿííÿìè

ñòiëüòü¹ñiâñüêî¨ ñòðóíè íà çiðêîâîìó ãðàôi. Ðîçãëÿíóòi ñïåêòðàëüíà çàäà÷à
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íà çiðêîâîìó ãðàôi ç êiëüêiñòþ ìàñ n1+n2+n3 íà ðåáðàõ ç óìîâàìè Äiðiõëå

íà âèñÿ÷èõ âåðøèíàõ, ñïåêòð ÿêî¨ ïîçíà÷åíèé ÷åðåç {λk}n1+n2+n3
k=1 , çàäà÷à

íà ïåðøîìó ðåáði ç n1 ìàñàìè ç óìîâîþ Äiðiõëå íà ëiâîìó êiíöi òà óìîâîþ

Íåéìàíà íà ïðàâîìó êiíöi, ñïåêòð ÿêî¨ ïîçíà÷åíèé ÷åðåç {µk}n1k=1, à òàêîæ

çàäà÷à ç óìîâàìè Äiðiõëå íà êiíöÿõ ç n2 +n3 ìàñàìè íà îá'¹äíàííi äðóãîãî

òà òðåòüîãî ðåáðà, ñïåêòð ÿêî¨ ïîçíà÷åíèé ÷åðåç {νk}n2+n3
k=1 . Ïðÿìà çàäà÷à

ïîëÿãàëà â äîâåäåííi òîãî, ùî âëàñíi çíà÷åííÿ ïåðøî¨ ç öèõ òðüîõ çàäà÷

÷åðãóþòüñÿ ç åëåìåíòàìè îá'¹äíàííÿ ñïåêòðiâ äðóãî¨ òà òðåòüî¨ çàäà÷i ó

íåñòðîãîìó ðîçóìiííi.

Ðîçâ'ÿçàíà òàêîæ îáåðíåíà çàäà÷à, òîáòî çàäà÷à âiäíîâëåííÿ ìàñ íàìè-

ñòèí òà äîâæèí iíòåðâàëiâ ìiæ íèìè íà ðåáðàõ ãðàôó, âèõîäÿ÷è ç òðüîõ

âèùå çãàäàíèõ ñïåêòðiâ òà ïîâíèõ äîâæèí ñòðóí. Âèÿâèëîñü, ùî óìîâà

÷åðãóâàííÿ åëåìåíòiâ ïîñëiäîâíîñòi {λk}n1+n2+n3
k=1 ç åëåìåíòàìè ïîñëiäîâíî-

ñòi {ξk}n1+n2+n3
k=1 ={µk}n1k=1

⋃
{νk}n2+n3

k=1 ¹ äîñòàòíüîþ äëÿ iñíóâàííÿ ðîçâ'ÿçêó

îáåðíåíî¨ çàäà÷i. Ïðè öüîìó ìàñè íàìèñòèí òà äîâæèí iíòåðâàëiâ íà ïåðøié

ñòðóíi âiäíîâëþþòüñÿ îäíîçíà÷íî, à íà iíøèõ äâîõ ñòðóíàõ � íi.
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ÐÎÇÄIË 4

Îáåðíåíà ñïåêòðàëüíà çàäà÷à äëÿ çiðêîâîãî ãðàôó çi

ñòiëüòü¹ñiâñüêèõ ñòðóí ç çàäàíîþ êiëüêiñòþ ìàñ íà

ðåáðàõ

4.1. Ïðÿìà çàäà÷à

Â öüîìó ðîçäiëi ìè ðîçãëÿíåìî ïëîñêèé çiðêîâèé ãðàô ç q (≥ 3) ñòiëü-

òü¹ñiâñüêèõ ñòðóí, ç'¹äíàíèõ ó öåíòðàëüíié âåðøèíi, äå ìîæå áóòè ðîçòàøî-

âàíà òî÷êîâà ìàñà. Ïðèïóñòèìî, ùî ðåáðà ãðàôó ëåæàòü â îäíié ïëîùèíi,

öåé ãðàô ðîçòÿãíóòî i âèñÿ÷i âåðøèíè, îêðiì îäíi¹¨, êîòðó áóäåìî íàçèâàòè

êîðåíåì òà ïîçíà÷àòè v, çàôiêñîâàíi. Áóäåìî âèâ÷àòè ìàëi ïîïåðå÷íi êîëè-

âàííÿ öüîãî ãðàôó ç áàëàíñîì ñèë òà óìîâàìè íåïåðåðâíîñòi ó öåíòðàëüíié

âåðøèíi.

Ðîçãëÿíåìî äâà âèïàäêè: 1) êîðiíü âiëüíî ðóõà¹òüñÿ ó íàïðÿìêó, ïåðïåí-

äèêóëÿðíîìó äî ïëîùèíè ðiâíîâàãè ñòðóí, 2) êîðiíü ¹ çàôiêñîâàíèì. Ìè

äîñëiäæó¹ìî âëàñíi ÷àñòîòè ìàëèõ ïîïåðå÷íèõ êîëèâàíü òàêîãî ãðàôó.

Íàäàëi áóäåìî íàçèâàòè ñòðóíó, ùî iíöèäåíòíà ç êîðåíåì, ÿê ãîëîâíå

ðåáðî àáî ãîëîâíó ñòðóíó, à iíøi ðåáðà çiðêîâîãî ãðàôó áóäåìî ïîçíà÷àòè

÷åðåç ej (j = 1, 2, . . . , q − 1).

Ìè ïðèïóñêà¹ìî, ùî ãîëîâíå ðåáðî ñêëàäà¹òüñÿ ç n + 1 (n ∈ N0) iíòåð-

âàëiâ äîâæèíè lk > 0 (k = 0, 1, . . . ,n − 1) òà ln ≥ 0 ç ìàñàìè íàìèñòèí

mk > 0 (k = 1, 2, . . . ,n), ÿêi ðîçäiëÿþòü öi iíòåðâàëè. Ìè íóìåðó¹ìî ìàñè

òà iíòåðâàëè ççîâíi äî öåíòðó; äîâæèíà ãîëîâíîãî ðåáðà ïîçíà÷à¹òüñÿ ÷åðåç

l :=
n∑
k=0

lk. Äëÿ iíøèõ q− 1 ðåáåð, ïðèïóñêà¹ìî, ùî j-òå ðåáðî ñêëàäà¹òüñÿ

ç nj + 1 (nj ∈ N0) iíòåðâàëiâ äîâæèíè l
(j)
k > 0 (k = 0, 1, . . . , nj) ç ìàñàìè

íàìèñòèí m
(j)
k > 0 (k = 1, 2, . . . , nj), ÿêi ðîçäiëÿþòü ¨õ (íóìåðó¹ìî ¨õ îáîõ
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ççîâíi äî öåíòðó); äîâæèíà j-òî¨ ñòðóíè ïîçíà÷à¹òüñÿ ÷åðåç lj :=
∑nj

k=0 l
(j)
k .

×åðåç vk(t) (k = 1, 2, . . . ,n) ïîçíà÷èìî ïîïåðå÷íå çìiùåííÿ k-òî¨ òî÷êî-

âî¨ ìàñè mk íà ãîëîâíîìó ðåáði ó ÷àñ t, òà ÷åðåç v0(t), vn+1(t) ïîïåðå÷íi

çìiùåííÿ êiíöiâ íà ãîëîâíié ñòðóíi. Äëÿ iíøèõ q−1 ðåáåð, ÷åðåç v
(j)
k (t)

(k = 1, 2, . . . , nj) ìè ïîçíà÷èìî ïîïåðå÷íå çìiùåííÿ k-òî¨ òî÷êîâî¨ ìàñè

m
(j)
k íà j-òîìó ðåáði ó ÷àñ t, òà ÷åðåç v

(j)
0 (t), v

(j)
nj+1(t) ïîïåðå÷íi çìiùåííÿ

êiíöiâ íà j-òié ñòðóíi (j = 1, 2, . . . , q − 1).

ßêùî ìè ïðèïóñòèìî, ùî íèòêè áóëè íàòÿãíóòi ç ñèëàìè, êîæíà ç ÿêèõ

äîðiâíþ¹ 1, òî ðiâíÿííÿ Ëàãðàíæà äëÿ ìàëèõ ïîïåðå÷íèõ êîëèâàíü ñèñòåìè

(äèâ. [6, Chapter III.1]) áóäóòü ìàòè âèãëÿä:

vk(t)− vk+1(t)

lk
+

vk(t)− vk−1(t)

lk−1
+ mk

∂2

∂t2
vk(t) = 0 (4.1)

(k = 1, 2, . . . , ñ),

v
(j)
k (t)− v(j)

k+1(t)

l
(j)
k

+
v

(j)
k (t)− v(j)

k−1(t)

l
(j)
k−1

+m
(j)
k

∂2

∂t2
v

(j)
k (t) = 0 (4.2)

(k = 1, 2, . . . , nj, j = 1, 2, . . . , q − 1),

vn+1(t) = v
(1)
n1+1(t) = v

(2)
n2+1(t) = . . . = v

(q−1)
nq−1+1(t), (4.3)

vñ+1(t)− vñ(t)

lñ
+

q−1∑
j=1

v
(j)
nj+1(t)− v

(j)
nj (t)

l
(j)
nj

=


0, ÿêùî ln > 0,

mn

∂2

∂t2
vn(t), ÿêùî ln = 0.

,

(4.4)

v
(j)
0 (t) = 0, j = 1, 2, . . . , q − 1. (4.5)

Òóò ñ = n, ÿêùî ln > 0 òà ñ = n− 1, ÿêùî ln = 0.

Ðiâíÿííÿ (4.1), (4.2) îïèñóþòü êîëèâàííÿ òî÷êîâèõ ìàñ. Ðiâíÿííÿ (4.3)

¹ óìîâîþ íåïåðåâíîñòi ó öåíòðàëüíié âåðøèíi çiðêîâîãî ãðàôó. Ðiâíÿííÿ

(4.4) îïèñó¹ áàëàíñ ñèë ó öåíòðàëüíié âåðøèíi.

ßêùî êîðiíü âiëüíî ðóõà¹òüñÿ ó íàïðÿìêó, ïåðïåíäèêóëÿðíîìó äî ïî-

ëîæåííÿ ðiâíîâàãè ãðàôó, òî ìà¹ìî óìîâó Íåéìàíà

v1(t) = v0(t). (4.6)



66

Òàêîæ ìè ðîçãëÿíåìî çàäà÷ó ç óìîâîþ Äiðiõëå â êîðåíi, êîòðà îïèñó¹ çà-

êðiïëåííÿ êiíöÿ

v0(t) = 0. (4.7)

Ðîçäiëÿþ÷è çìiííi, òîáòî ïiäñòàâëÿþ÷è vk(t) = uke
iλt, v

(j)
k (t) = u

(j)
k eiλt ó

(4.1)�(4.5), äå λ � öå ñïåêòðàëüíèé ïàðàìåòð, îòðèìó¹ìî íàñòóïíi ðiçíèöåâi

ðiâíÿííÿ äëÿ àìïëiòóä uk òà u
(j)
k :

uk − uk+1

lk
+

uk − uk−1

lk−1
−mkλ

2uk = 0 (k = 1, 2, . . . , ñ), (4.8)

u
(j)
k − u

(j)
k+1

l
(j)
k

+
u

(j)
k − u

(j)
k−1

l
(j)
k−1

−m(j)
k λ

2u
(j)
k = 0 (k = 1, 2, . . . , nj, j = 1, 2, . . . , q−1),

(4.9)

un+1 = u
(1)
n1+1 = u

(2)
n2+1 = . . . = u

(q−1)
nq−1+1, (4.10)

uñ+1 − uñ

lñ
+

q−1∑
j=1

u
(j)
nj+1 − u

(j)
nj

l
(j)
nj

=

 0, ÿêùî ln > 0,

−mnλ
2un, ÿêùî ln = 0.

, (4.11)

u
(j)
0 = 0, j = 1, 2, . . . , q − 1. (4.12)

Óìîâà Íåéìàíà äà¹

u1 = u0. (4.13)

Çàäà÷ó (4.8)�(4.13) ìè íàçâåìî çàäà÷îþ Íåéìàíà (N2) òà ïîçíà÷èìî ¨¨

ñïåêòð ÷åðåç {µk}nk=−n,k 6=0. Òàêîæ ìè ðîçãëÿíåìî óìîâó Äiðiõëå â êîðåíi:

u0 = 0 (4.14)

Çàäà÷ó (4.8)�(4.12), (4.14) ìè íàçâåìî çàäà÷îþ Äiðiõëå(D2) òà ïîçíà÷èìî ¨¨

ñïåêòð ÷åðåç {λk}nk=−n,k 6=0.

Ïàðàëåëüíî ðîçãëÿíåìî íàñòóïíi äîïîìiæíi ñïåêòðàëüíi çàäà÷i íà çið-

êîâîìó ãðàôi T ′, îòðèìàíîìó ç íà÷àëüíîãî çiðêîâîãî ãðàôó T âèäàëåííÿì

îñíîâíîãî ðåáðà e ðàçîì ç ìàñîþmn, ÿêùî âîíà ðîçòàøîâàíà â öåíòðàëüíié

âåðøèíi. Çàäà÷ó
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u
(j)
k − u

(j)
k+1

l
(j)
k

+
u

(j)
k − u

(j)
k−1

l
(j)
k−1

−m(j)
k λ

2u
(j)
k = 0 (4.15)

(k = 1, 2, . . . , nj, j = 1, 2, . . . , q − 1),

u
(1)
n1+1 = u

(2)
n2+1 = . . . = u

(q−1)
nq−1+1, (4.16)

q−1∑
j=1

u
(j)
nj+1 − u

(j)
nj

l
(j)
nj

= 0, (4.17)

u
(j)
0 = 0, j = 1, 2, . . . , q − 1 (4.18)

ìè íàçâåìî çàäà÷îþ Íåéìàíà (N1) òà ïîçíà÷èìî ¨¨ ñïåêòð ÷åðåç

{ξk}n−nk=−n+n,k 6=0. Çàäà÷ó

u
(j)
k − u

(j)
k+1

l
(j)
k

+
u

(j)
k − u

(j)
k−1

l
(j)
k−1

−m(j)
k λ

2u
(j)
k = 0 (4.19)

(k = 1, 2, . . . , nj, j = 1, 2, . . . , q − 1),

u
(j)
nj+1 = 0, j = 1, 2, . . . , q − 1. (4.20)

u
(j)
0 = 0, j = 1, 2, . . . , q − 1. (4.21)

ìè íàçâåìî çàäà÷îþ Äiðiõëå (D1) òà ïîçíà÷èìî ¨¨ ñïåêòð ÷åðåç

{νk}n−nk=−n+n,k 6=0.

Çðîçóìiëî, ùî {νk}n−nk=−n+n,k 6=0 =
q−1
∪
j=1
{ν(j)

k }
nj
−n1,k 6=0, äå {ν

(j)
k }

nj
−nj ,k 6=0 � öå

ñïåêòð çàäà÷i Äiðiõëå-Äiðiõëå íà ðåáði ej:

u
(j)
k − u

(j)
k+1

l
(j)
k

+
u

(j)
k − u

(j)
k−1

l
(j)
k−1

−m(j)
k λ

2u
(j)
k = 0 (4.22)

(k = 1, 2, . . . , nj),

u
(j)
nj+1 = u

(j)
0 = 0. (4.23)
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Â öüîìó ðîçäiëi ìè ðîçãëÿíåìî çâ'ÿçîê ìiæ çàäà÷îþ Íåéìàíà (N2),

çàäà÷îþ Äiðiõëå (D2) òà çàäà÷àìè (N1), (D1). Äëÿ ñòðóí, ïîçíà÷åíèõ

j = 1, 2, . . . , q − 1 òà äëÿ ãîëîâíî¨ ñòðóíè ìè çàñòîñó¹ìî ïiäõiä, ÿêèé âèêî-

ðèñòîâóâàëè ó ðîçäiëi 2.2.

Öèì øëÿõîì ìè ïîñëiäîâíî îòðèìó¹ìî ðîçâ'ÿçêè uk (k = 1, 2, . . . ,n+ 1)

ðiâíÿííÿ (4.8) òà äëÿ j = 1, 2, . . . , q − 1 ðîçâ'ÿçêè u
(j)
k (k = 1, 2, . . . , nj + 1)

ðiâíÿííÿ (4.9) ó íàñòóïíié ôîðìi

uk =

 R2k−2(l0, λ
2)u1 äëÿ óìîâè Äiðiõëå (4.14),

R2k−2(∞, λ2)u1 äëÿ óìîâè Íåéìàíà (4.13),
(4.24)

u
(j)
k = R

(j)
2k−2(λ

2)u
(j)
1 (k = 1, 2, . . . , nj, j = 1, 2, ..., q − 1), (4.25)

äå R2k−2(·, λ2) òà R
(j)
2k−2(λ

2) � ìíîãî÷ëåíè ñòåïåíÿ 2k−2, êîòði ìîæíà îòðè-

ìàòè, ðîçâ'ÿçóþ÷è (4.8) òà (4.9), âiäïîâiäíî. Îáåðåìî

R2k−1(·, λ2) :=
R2k(·, λ2)−R2k−2(·, λ2)

lk
(k = 1, 2, . . . ,n), (4.26)

R
(j)
2k−1(λ

2) :=
R

(j)
2k (λ2)−R(j)

2k−2(λ
2)

l
(j)
k

(k = 1, 2, . . . , nj). (4.27)

Òîäi, çàâäÿêè (4.15) òà ïî÷àòêîâié óìîâi (4.18), ìíîãî÷ëåíè R
(j)
0 (λ2),

R
(j)
1 (λ2), . . . , R

(j)
2nj

(λ2) (j = 1, 2, . . . , q − 1) çàäîâîëüíÿþòü ðiâíÿííÿ

R2k−1(λ
2) = −λ2mkR2k−2(λ

2) +R2k−3(λ
2), (4.28)

Ìíîãî÷ëåíè, ÿêi âiäïîâiäàþòü ãîëîâíié ñòðóíi, çàäîâîëüíÿþòü ðiâíÿííÿ

R2k−1(l0, λ
2) = −λ2mkR2k−2(l0, λ

2) + R2k−3(l0, λ
2), (4.29)

Çàâäÿêè (4.12), (4.13) òà (4.14), ìè îòðèìó¹ìî

R0(l0, λ
2) = 1, R−1(l0, λ

2) =
1

l0
. (4.30)

R0(l0, λ
2) = 1, R−1(l0, λ

2) =


1

l0
, ÿêùî l0 ∈ (0,∞),

0, ÿêùî l0 =∞.
(4.31)
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Ïiäñòàâëÿþ÷è (4.24), (4.25) â óìîâè (4.10) òà (4.11) ìè ïðèõîäèìî äî

íàñòóïíî¨ ñèñòåìè ëiíiéíèõ ðiâíÿíü äëÿ u1, u
(j)
1 (j = 1, 2, . . . , q − 1):

R2ñ(∞, λ2)u1 = R
(1)
2n1

(λ2)u
(1)
1 = R

(2)
2n2

(λ2)u
(2)
1 = · · · = R

(q−1)
2nq−1

(λ2)u
(q−1)
1 ,

(4.32)

(R2ñ−1(∞, λ2)−Mλ2R2n−2(∞, λ2))u1 +

q−1∑
j=1

R
(j)
2nj−1(λ

2)u
(j)
1 = 0, (4.33)

äå

M =

 0, ÿêùî ln > 0,

mn, ÿêùî ln = 0.

Òîäi, ñïåêòð çàäà÷i (4.8)�(4.13) ñïiâïàäà¹ ç ìíîæèíîþ êîðåíiâ ìíîãî÷ëå-

íà

φ(∞, λ2) = R2ñ(∞, λ2)

q−1∑
j=1

[
R

(j)
2nj−1(λ

2)

q−1∏
k=1, k 6=j

R
(k)
2nk

(λ2)
]

(4.34)

+(R2ñ−1(∞, λ2)−Mλ2R2n−2(∞, λ2))

q−1∏
k=1

R
(k)
2nk

(λ2)

òà ñïåêòð çàäà÷i (4.8)�(4.12), (4.14) ñïiâïàäà¹ ç ìíîæèíîþ êîðåíiâ ìíîãî-

÷ëåíà

φ(l0, λ
2) = R2ñ(l0, λ

2)

q−1∑
j=1

[
R

(j)
2nj−1(λ

2)

q−1∏
k=1, k 6=j

R
(k)
2nk

(λ2)
]

(4.35)

+(R2ñ−1(l0, λ
2)−Mλ2R2n−2(l0, λ

2))

q−1∏
k=1

R
(k)
2nk

(λ2).

Çàóâàæåííÿ 4.1. 1.

φ(l0, z) = (4.36)

R2ñ(l0, z)φN,q−1(z) + (R2ñ−1(l0, λ
2)−Mλ2R2n−2(l0, λ

2))φD,q−1(z),

φ(∞, z) = (4.37)

R2ñ(∞, z)φN,q−1(z) + (R2ñ−1(∞, z)−Mλ2R2n−2(∞, z)) φD,q−1(z),

äå φD,q−1(z) � õàðàêòåðèñòè÷íèé ìíîãî÷ëåí çàäà÷i (4.19)�(4.21) òà

φN,q−1(z) � õàðàêòåðèñòè÷íèé ìíîãî÷ëåí çàäà÷i (4.15)�(4.18).
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2. ßêùî φ(l0, z) = φ(∞, z) = 0 äëÿ äåÿêîãî z, òîäi

φN,q−1(z) = φD,q−1(z) = 0.

Äîâåäåííÿ. 1. Ðiâíÿííÿ (4.36), (4.37) òàêi ñàìi, ÿê i (4.34) òà (4.35).

2. Çàâäÿêè òîòîæíîñòi Ëàãðàíæà (äèâ. [89], Ëåìà 3.5)

R2n(l0, z)R2n−1(∞, z)−R2n−1(l0, z)R2n(∞, z) = − 1

l0

âèçíà÷íèê ñèñòåìè ðiâíÿíü (4.36), (4.37) ìà¹ âèãëÿä

R2ñ(l0, z)(R2ñ−1(∞, z)−Mλ2R2n−2(∞, z))−

−R2ñ(∞, z)(R2ñ−1(l0, λ
2)−Mλ2R2n−2(l0, λ

2)) = −
1

l0
.

Âií íå äîðiâíþ¹ 0 (â îáîõ âèïàäêàõ l0 = 0 òà l0 > 0).

Ìè ïðèõîäèìî äî ðiâíÿíü φN,q−1(z) = φD,q−1(z) = 0.

Òåîðåìà 4.1. (Òåîðåìà 3.7 ó [89]) Ïiñëÿ ñêîðî÷åííÿ ñïiëüíèõ ìíîæíèêiâ

(ÿêùî òàêi ¹) ó ÷èñåëüíèêó òà çíàìåííèêó

φ(l0, z)

φ(∞, z)

ñòà¹ S0-ôóíêöi¹þ.

Òåîðåìà 4.2. (äèâ. [89], Tåîðåìà 3.12) Âëàñíi çíà÷åííÿ {µk}nk=−n, k 6=0,

µ−k = −µk, çàäà÷i Íåéìàíà (N2) òà âëàñíi çíà÷åííÿ {λk}nk=−n, k 6=0,

λ−k = −λk çàäà÷i Äiðiõëå (D2) ìàþòü íàñòóïíi âëàñòèâîñòi:

1) 0 < µ1 < λ1 ≤ µ2 ≤ · · · ≤ µn ≤ λn;

2) êðàòíîñòi µk òà λk íå ïåðåâèùóþòü q−1; òîäi ÿê ñóìà êðàòíîñòåé

µk òà λk (àáî λk+1) íå ïåðåâèùó¹ 2q − 3;

3) ÿêùî µk = λk (àáî = λk+1), òîäi µk ¹ êîðåíåì φq−1(z) :=
φD,q−1(z)

φN,q−1(z)
.
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Ñëiä çàóâàæèòè, ùî ìàêñèìàëüíà êðàòíiñòü âëàñíèõ çíà÷åíü äëÿ äîâiëü-

íèõ ãðàôiâ çi ñòiëüòü¹ñiâñüêèõ ñòðóí çàëåæèòü ëèøå âiä ôîðìè ãðàôó (äèâ.

[41]).

Äëÿ òîãî, ùîá îòðèìàòè óìîâè, íåîáõiäíi äëÿ òîãî, ùîá ïîñëiäîâíîñòi

÷èñåë áóëè ñïåêòðàìè çàäà÷ Íåéìàíà òà Äiðiõëå, íàì ïîòðiáíå ïîíÿòòÿ

ìàæîðèçàöi¨, ÿêå ïîõîäèòü âiä Ìþðõåäà [83] äëÿ âèïàäêó öiëèõ ÷èñåë i

áóëî óçàãàëüíåíî äëÿ íåâiä'¹ìíèõ ÷èñåë Õàðäi, Ëiòëâóä òà Ïîéà (äèâ. [77]).

Îçíà÷åííÿ 4.1. Íåõàé äàíî äâà âåêòîðè x = (xi)
s
i=1 òà y = (yi)

t
i=1 ç íå-

âiä'¹ìíèìè êîîðäèíàòàìè, ÿêi âïîðÿäêîâàíi çà çìåíøåííÿì,

xs ≥ xs−1 ≥ · · · ≥ x1 ≥ 0, yt ≥ yt−1 ≥ · · · ≥ y1 ≥ 0. ßêùî s = t, òî êàæóòü,

ùî x ìàæîðó¹ y x � y òîäi é òiëüêè òîäi, êîëè âèêîíóþòüñÿ íàñòóïíi

óìîâè:

x � y :⇐⇒
t∑
i=1

xi =
t∑
i=1

yi,

τ∑
i=1

xi ≥
τ∑
i=1

yi (τ = 1, 2 . . . , t− 1).

(4.38)

ßêùî s 6= t, ìè äîïîâíþ¹ìî êîðîòøèé âåêòîð íóëÿìè i ïîçíà÷à¹ìî

x̃ := (xi)
max{s,t}
i=1 òà ỹ := (yi)

max{s,t}
i=1 ç xi = 0 äëÿ i = s + 1, . . . ,max{s, t},

yi = 0 äëÿ i = t + 1, . . . ,max{s, t}. Òîäi êàæóòü, ùî x ìàæîðó¹ y, x � y,

ÿêùî x̃ ìàæîðó¹ ỹ, x̃ � ỹ.

Çàóâàæåííÿ 4.2. ßêùî âåêòîð x = (xi)
s
i=1 ìàæîðó¹ âåêòîð y = (yi)

t
i=1,

òîäi êiëüêiñòü íåíóëüîâèõ êîîðäèíàò â x ìåíøà àáî äîðiâíþ¹ êiëüêîñòi

íåíóëüîâèõ êîîðäèíàò â y,

x � y → #{i ∈ {1, . . . , s} : xi > 0} ≤ #{i ∈ {1, . . . , t} : yi > 0}.

Îçíà÷åííÿ 4.2. Äëÿ âåêòîðà x = (xi)
s
i=1 ∈ Rs ìè ïîçíà÷èìî ÷åðåç

x↓ = (x↓i )
s
i=1 ∈ Rs âåêòîð ç òàêèìè æ êîîðäèíàòàìè, àëå âïîðÿäêîâàíè-

ìè â íåçðîñòàþ÷îìó ïîðÿäêó, òîáòî îáåðåìî òàêó ïåðåñòàíîâêó π ç iíäåêñiâ

{1, 2, . . . , s}, ùî

x↓i = xπ(i), i = 1, 2, . . . , s, x↓1 ≥ x↓2 ≥ · · · ≥ x↓s.
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Îçíà÷åííÿ 4.3. Íåõàé äàíî äâà âåêòîðè x = (xi)
s
i=1 òà y = (yi)

s
i=1 ç íå-

âiä'¹ìíèìè åëåìåíòàìè, ÿêi âïîðÿäêîâàíi â íåçðîñòàþ÷îìó ïîðÿäêó,

xs ≥ xs−1 ≥ · · · ≥ x1 ≥ 0, yt ≥ yt−1 ≥ · · · ≥ y1 ≥ 0. Òîäi êàæóòü, ùî x ñëàáî

ìàæîðó¹ y, ÿêùî

x
w
� y :⇐⇒

τ∑
i=1

xi ≥
τ∑
i=1

yi (τ = 1, 2 . . . , t). (4.39)

Ïîçíà÷èìî ÷åðåç {p↓1, p
↓
2, ..., p

↓
r} âïîðÿäêîâàíèé âåêòîð êðàòíîñòåé äîäà-

òíèõ âëàñíèõ çíà÷åíü çàäà÷i (4.8)� (4.13).

Ïîçíà÷èìî Nm = #j : nj ≥ m, j ∈ {1, 2, 3, ..., q − 1} (m = 1, 2, ..., n1).

Äàëi ìè áóäåìî âèêîðèñòîâóâàòè òåîðåìó, êîòðà ¹ Òåîðåìîþ 2.10 ó [91],

çàïèñàíîþ ó íàøèõ òåðìiíàõ äëÿ çiðêîâîãî ãðàôó T ′.

Òåîðåìà 4.3. Íåõàé {ξk}n−n−n+n,k 6=0 � ïîñëiäîâíiñòü óñiõ âëàñíèõ çíà÷åíü

çàäà÷i Íåéìàíà (N1), ξk > 0, ξ−k = −ξk (k > 0), ïîðàõîâàíà ç óðàõóâàí-

íÿì êðàòíîñòåé. Ïîçíà÷èìî ÷åðåç rN êiëüêiñòü ðiçíèõ äîäàòíèõ âëàñíèõ

çíà÷åíü çàäà÷i Íåéìàíà ξks, à ÷åðåç (ps(N))rNs=1 âåêòîð ¨õ êðàòíîñòåé òà

÷åðåç p↓(N) = (p↓s(N))rNs=1 âiäïîâiäíèé âïîðÿäêîâàíèé ó ïîðÿäêó çìåíøåííÿ

âåêòîð êðàòíîñòåé. Òîäi

1) 0 < ξ2
1 < ξ2

2 ≤ ξ2
3 ≤ . . . ≤ ξ2

n−n−1 ≤ ξ2
n−n;

2) ÿêùî pi(N) > 1, òî pi−1(N) = pi+1(N) = 1 (i = 2, . . . , rN − 1) òà

ÿêùî prN (N) > 1, òî prN−1(N) = 1;

3)
∑rN

i=1 pi(N) = n− n;

4) rN ≥ n1 + n2;

5) {N1 − 1, N2 − 1, . . . , Nn1 − 1} � {p↓1(N), p↓2(N), . . . , p↓rN−n1(N)}.

Çàóâàæèìî, ùî 4) ¹ íåÿâíèì íàñëiäêîì âëàñòèâîñòi ìàæîðèçàöi¨ 5). Óçà-

ãàëüíåííÿ íåðiâíîñòi 4) äî âèïàäêó äîâiëüíîãî äåðåâà îòðèìàíî â [87].
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Îçíà÷åííÿ 4.4. Íåõàé {αk}τk=1 òà {σk}τk=1 � ïîñëiäîâíîñòi, ÿêi ñòðîãî ÷åð-

ãóþòüñÿ, òîáòî

0 < α1 < σ1 < ... < ατ < στ .

Íåõàé {αk̂s}
τ̂
s=1 ¹ ÿêîþñü ïiäïîñëiäîâíiñòþ {αk}τk=1 òà {σǩs}

τ̌
s=1 ¹ ÿêîþñü

ïiäïîñëiäîâíiñòþ {σk}τk=1, äå 0 ≤ τ̂ ≤ τ òà 0 ≤ τ̌ ≤ τ . Ìè íàçâåìî {αk̂s}
τ̂
s=1,

{σǩs}
τ̌
s=1 íåïîâíîþ ïàðîþ ÷åðãóâàííÿ äîâæèíè τ .

Çàóâàæåííÿ 4.3. Ïîçíà÷èìî ÷åðåç {βk}p1−p1,k 6=0 = {µk}n−n,k 6=0 ∩ {λk}n−n,k 6=0

òà çàíóìåðó¹ìî ¨õ òàêèì ÷èíîì, ùî β−k = −βk òà 0 < β1 ≤ β2 ≤ ... ≤ βp1

òà ÷åðåç {βks}r−r,s 6=0 ìè ïîçíà÷èìî ïîñëiäîâíiñòü åëåìåíòiâ {βk}p1−p1,k 6=0,

ùî íå ñïiâïàäàþòü îäèí ç îäíèì, òà çàíóìåðó¹ìî ¨õ òàêèì ÷èíîì, ùî

0 < βk1 < βk2 < ... < βkr. Òîäi ïîñëiäîâíîñòi {µk}n−n,k 6=0 òà {λk}n−n,k 6=0

ìîæóòü áóòè ïðåäñòàâëåíi íàñòóïíèì ÷èíîì:

{µk}n−n,k 6=0 = {γk}n−p1−n+p1,k 6=0 ∪ {βk}
p1
−p1,k 6=0 òà {λk}n−n,k 6=0 = {δk}n−p1−n+p1,k 6=0 ∪

{βk}p1−p1,k 6=0, äå

0 < γ1 < δ1 < ... < γn−p1 < δn−p1.

Ïîçíà÷èìî ÷åðåç {p̃(βk1), ..., p̃(βkr)} âåêòîð êðàòíîñòåé åëåìåíòiâ

{βk}p1−p1,k 6=0. Íåõàé {p̃↓(βk1), ..., p̃↓(βkr)} � âiäïîâiäíèé âïîðÿäêîâàíèé âå-

êòîð.

Çà îçíà÷åííÿì, βks ¹ êîðåíåì îáîõ ìíîãî÷ëåíiâ φ(∞, λ2) òà φ(l0, λ
2) êðà-

òíîñòi, ÿêà äîðiâíþ¹ êðàòíîñòi βks ÿê êîðåíÿ φN,q−1(λ
2). Òîäi, çàâäÿêè Òå-

îðåìi 4.3, çàñòîñîâàíî¨ äî çiðêîâîãî ãðàôó T ′, îòðèìó¹ìî

Òåîðåìà 4.4. 1) Êiëüêiñòü r ðiçíèõ åëåìåíòiâ {βks}rs=1 ó ïîñëiäîâíîñòi

{βk}p1k=1 çàäîâîëüíÿ¹ íåðiâíiñòü r ≤ [n−n2 ], äå [.] îçíà÷à¹ öiëó ÷àñòèíó;

2) p(βks) ≤ q − 2 äëÿ óñiõ ks.

Äîâåäåííÿ. Òâåðäæåííÿ 1) íàøî¨ òåîðåìè âèïëèâà¹ ç òâåðäæåííÿ 2) Òåî-

ðåìè 4.3.

Òâåðäæåííÿ 2) íàøî¨ òåîðåìè âèïëèâà¹ ç òâåðäæåííÿ 5) Òåîðåìè 4.3,

òîìó ùî ó íàøîìó âèïàäêó N1 = q − 1.
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Çàóâàæåííÿ 4.4. Ïîçíà÷èìî ÷åðåç

{βk̂s}
n̂
−n̂,s6=0 = {βks}r−r,k 6=0 ∩ {γk}

n−p1
−n+p1,k 6=0 òà ÷åðåç

{βǩs}
ň
−ň,s6=0 = {βks}r−r,k 6=0 ∩ {δk}

n−p1
−n+p1,k 6=0.

Ïðèêëàä. Íåõàé q = 4, n = n1 = n2 = n3 = 4. Öå ìîæëèâî, áî

0 < µ1 < λ1 < µ2 = λ2 = µ3 = λ3 < µ4 < λ4 < µ5 = λ5 = µ6 = λ6 = µ7 <

λ7 < µ8 < λ8 = µ9 = λ9 = µ10 = λ10 < µ11 < λ11 < µ12 < λ12 = µ13 = λ13 =

µ14 = λ14 < µ15 = λ15 < µ16 < λ16.

Â öüîìó âèïàäêó p1 = 9, r = 5 òà

β1 = β2 = µ2, β3 = β4 = µ5, β5 = β6 = µ9, β6 = β7 = µ13, β8 = µ15,

k1 = 1, k2 = 3, k3 = 5, k4 = 6, k5 = 8,

k̂1 = k2 = 3, ǩ1 = k3 = 5, ǩ2 = k4 = 6

{βk̂s}
1
−1,s6=0 = {±βk2} = {±β3}, {βǩs}

2
−2,k 6=0 = {±βk3,±βk4} = {±β5,±β6}.

Òåîðåìà 4.5. Ïîñëiäîâíîñòi {βk̂s}
n̂
s=1 òà {βǩs}

ň
s=1 ôîðìóþòü íåïîâíó ïàðó

÷åðãóâàííÿ äîâæèíè ≤ n.

Äîâåäåííÿ. Çà îçíà÷åííÿì βks ¹ êîðåíåì îáîõ φ(∞, λ2) òà φ(l0, λ
2) êðàòíî-

ñòi, ÿêà ùîíàéìåíøå äîðiâíþ¹ éîãî êðàòíîñòi, ÿê êîðåíÿ φN,q−1(λ
2).

Êðàòíiñòü βk̂s ÿê êîðåíÿ φ(∞, λ2) ïåðåâèùó¹ (íà 1) êðàòíiñòü βk̂s ÿê

êîðåíÿ φN,q−1(λ
2) òîäi é òiëüêè òîäi, êîëè R2n(∞, β2

k̂s
) = 0.

Îòæå, 0 ≤ n̂ ≤ n.

Êðàòíiñòü βǩs ÿê êîðåíÿ φ(l0, λ
2) ïåðåâèùó¹ (íà 1) êðàòíiñòü βks ÿê êî-

ðåíÿ φN,q−1(λ
2) òîäi é òiëüêè òîäi, êîëè R2n(l0, β

2
ǩs

) = 0, îòæå 0 ≤ ň ≤ n.

Ç òîãî, ùî êîðåíi R2n(l0, λ
2) còðîãî (äèâ. [6]) ÷åðãóþòüñÿ ç êîðåíÿìè

R2n(∞, λ2), ìè îòðèìó¹ìî, ùî {βk̂s}
n̂
s=1 òà {βǩs}

ň
s=1 � íåïîâíà ïàðà ÷åð-

ãóâàííÿ äîâæèíè ≤ n.

Çàóâàæèìî, ùî

Ni(T
′) := #{j ∈ {1, 2, . . . , q−1} : nj ≥ i} = max{j ∈ {1, 2, . . . , q−1} : nj ≥ i}.
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Òåîðåìà 4.6. (Òåîðåìà 2.7 ó [91]) Íåõàé {ξk}n−nk=−n−n,k 6=0 � ïîñëiäîâíiñòü

âëàñíèõ çíà÷åíü çàäà÷i (4.15)�(4.18), ξk > 0, ξ−k = −ξk (k > 0) òà

{νk}n−nk=−n−n,k 6=0 � ìíîæèíà âëàñíèõ çíà÷åíü çàäà÷i (4.19)�(4.21) , νk > 0,

ν−k = −νk (k > 0) îáèäâà ðàõóþòüñÿ ç êðàòíiñòþ. Ïîçíà÷èìî ÷åðåç

{νks}
rD
−rD,s6=0 ïîñëiäîâíiñòü ðiçíèõ âëàñíèõ çíà÷åíü çàäà÷i (4.19)�(4.21), rD

� ÷èñëî ðiçíèõ äîäàòíèõ âëàñíèõ çíà÷åíü, ÷åðåç {p̃↓(νk1), ..., p̃↓(νkrD )} � âå-

êòîð ¨õ êðàòíîñòåé ó íåçðîñòàþ÷îìó ïîðÿäêó. Òîäi

1) 0 < ξ2
1 < ν2

1 ≤ . . . ≤ ξ2
n−n ≤ ν2

n−n;

2) νk−1 = ξk òîäi é òiëüêè òîäi, êîëè ξk = νk;

3)
(
N1(T

′), N2(T
′), . . . , Nn1(T

′)
)
� {p̃↓(νk1), ..., p̃↓(νkrD )}.

Òåîðåìà 4.7. Íåõàé {p̃↓(βk1), ..., p̃↓(βkr)} � âïîðÿäêîâàíèé âåêòîð êðàòíî-

ñòåé åëåìåíòiâ {βks}rs=−r,s 6=0. Òîäi {M1, ...,Mm}
w
�{p̃↓(βk1), ..., p̃↓(βkr)}, äå

Mj = Nj(T
′)− 1, ÿêùî Nj(T

′) ≥ 2 òà m = #{j : Nj(T
′) ≥ 2}.

Äîâåäåííÿ. Íåõàé βks ∈ {µk}nk=−n,k 6=0 ∩ {λk}nk=−n,k 6=0 òà βks = ξk = νk, òîäi

çà Òåîðåìîþ 3.3 ìà¹ìî p(βks) = p(ξk) = p(νk)−1. Ç òâåðäæåííÿ 3) Òåîðåìè

4.6 âèïëèâà¹(
N1(T

′)− 1, N2(T
′)− 1, . . . , Nn1(T

′)− 1
) w
�{p̃↓(νk1)− 1, ..., p̃↓(νkrD )− 1}.

Ç òîãî, ùî p(βks) > 0 òîäi é òiëüêè òîäi, êîëè p(νk) ≥ 2, ìè ïðèõîäèìî äî

{M1, ...,Mm}
w
�{p̃↓(βk1), ..., p̃↓(βkr)}

4.2. Îáåðíåíà çàäà÷à

Çàðàç íàøîþ ìåòîþ ¹ ïîêàçàòè, ùî òâåðäæåííÿ 1), 3) Òåîðåìè 4.2, òâåð-

äæåííÿ 1) Òåîðåìè 4.4, òà ñëàáå ìàæîðóâàííÿ ó Òåîðåìi 4.7 ¹ íå òiëüêè

íåîáõiäíèìè, àëå é òàêîæ äîñòàòíiìè óìîâàìè äëÿ äâîõ ïîñëiäîâíîñòåé,

ùîá âîíè áóëè ñïåêòðàìè çàäà÷ (4.8)�(4.13) òà (4.8)�(4.12), (4.14).

Ëåìà 3.13 ç [89] ó íàøèõ òåðìiíàõ áóäå âèãëÿäàòè íàñòóïíèì ÷èíîì:
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Ëåìà 4.1. Íåõàé q ∈ N, q ≥ 3, n ∈ N, n−p1 ∈ N, γ > l > 0. Ïðèïóñòèìî,

ùî {µk}n−p1−n+p1,k 6=0, {λk}
n−p1
−n+p1,k 6=0 ⊂ R òàêi, ùî

0 < µ1 < λ1 < µ2 < · · · < µn−p1 < λn−p1, (4.40)

òà íåõàé

Φ(z) := γ

n−p1∏
k=1

(
1−

z

λ2
k

)
n−p1∏
k=1

(
1−

z

µ2
k

) = (4.41)

= a0 +
1

−b1z +
1

a1 +
1

−b2z + · · ·+
1

an−p1−1 +
1

−bn−p1z +
1

an−p1

.

Òîäi ak > 0 (k = 0, 1, . . . , n−p1), bk > 0 (k = 1, 2, . . . , n−p1) òà ôóíêöiÿ

Φ ìîæå áóòè ïðåäñòàâëåíà ó íàñòóïíîìó âèãëÿäi:

Φ(z) = a0 +
1

−b1z +
1

a1 +
1

−b2z + · · ·+
1

an−1 +
1

−bnz +
1

an − a1
n + f̂n(z)

,
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äå

f̂n(z) := a1
n +

1

−bn+1z +
1

an+1 +
1

−bn+2z + · · ·+
1

an−p1−1 +
1

−bn−p1z +
1

an−p1

,

(4.42)

n îáðàíî òàê, ùî
n−1∑
k=0

ak < l,
n∑
k=0

ak ≥ l, (4.43)

n−1∑
k=0

ak + an − a1
n + f̂n(0) = γ, f̂n(0) > 0

òà f̂n(z) ¹ S0-ôóíêöi¹þ.

Òåîðåìà 4.8. (Òåîðåìà 3.14 ó [89]) Íåõàé q ∈ N , q ≥ 2, {l} ∪ {lj}q−1
j=1 ⊂

(0,∞), n ∈ N òà ïðèïóñòèìî, ùî {µk}n−n, k 6=0, {λk}n−n, k 6=0 ⊂ R òàêi, ùî

0) µ−k = −µk, λ−k = −λk;

1) 0 < µ1 < λ1 ≤ µ2 ≤ · · · ≤ µn ≤ λn;

2) êðàòíîñòi µk ó {µk}nk=−n, k 6=0 òà λk ó {λk}nk=−n, k 6=0 íå ìàþòü ïåðåâè-

ùóâàòè q − 1;

3) ÿêùî µk = λk (àáî = λk+1), òî f̂n(λ2
k) = 0 ç ôóíêöi¹þ f̂n, âèçíà÷åíîþ

ÿê ó Ëåìi 4.1.

Òîäi iñíó¹ çiðêîâèé ãðàô ç q ñòiëüòü¹ñiâñüêèõ ñòðóí, òîáòî ÷èñëà

{n}, {nj}q−1
j=1 ⊂ N0 = {0} ∪ N , ìàñè {mk}nk=1, {m

(j)
k }

nj
k=1 ⊂ (0,∞) òà

äîâæèíè iíòåðâàëiâ {lk}nk=0 (ln ≥ 0, lk > 0 ïðè k = 1, 2, ...,n − 1),
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{l(j)k }
nj
k=0 ⊂ (0,∞) (j = 1, 2, . . . , q− 1) ìiæ íèìè ç

∑n
k=0lk= l,

∑nj
k=0l

(j)
k = lj

òà

n = n +

q−1∑
j=1

nj,

òàêi, ùî çàäà÷à Íåéìàíà (4.15)�(4.18) ìà¹ âëàñíi çíà÷åííÿ {µk}n−n, k 6=0, à

çàäà÷à Äiðiõëå (4.19)�(4.21) ìà¹ âëàñíi çíà÷åííÿ {λk}n−n, k 6=0.

Íàñòóïíà òåîðåìà � öå Òåîðåìà 4.3, ïðèñòîñîâàíà äî äåðåâà T ′.

Òåîðåìà 4.9. Íåõàé q ∈ N , q ≥ 3, (lj)
q−1
j=1 ⊂ (0,∞), n ∈ N . Ïðèïóñòèìî,

ùî çàäàíi ïîñëiäîâíîñòi {ξk}n−n−n+n,k 6=0, {νk}
n−n
−n+n,k 6=0 òàêi, ùî ξk, νk > 0,

ξ−k = −ξk, ν−k = −νk ïðè k > 0 òà íåõàé çàäàíi (nj)
q−1
j=1 ⊂ N , n1 ≥ n2 ≥

· · · ≥ nq−1 ç
∑q−1

j=1 nj = n− n. Ïîçíà÷èìî ÷åðåç Ni := #{j ∈ {1, 2, . . . , q −

1} : nj ≥ i} ïðè i = 1, 2, . . . , n1, ÷åðåç rD � êiëüêiñòü ðiçíèõ äîäàòíiõ

åëåìåíòiâ ó {νk}n−n−n+n,k 6=0 , ÷åðåç p(νk) � ¨õ êðàòíîñòi (k = 1, 2, . . . , rD),

òà íåõàé
(
p↓(νk1), p

↓(νk2), . . . , p
↓(νkrD )

)
� âiäïîâiäíèé âåêòîð êðàòíîñòåé

ó íåçðîñòàþ÷îìó ïîðÿäêó. Òîäi óìîâè

1) 0 < ξ2
1 < ν2

1 ≤ . . . ≤ ξ2
n−n ≤ ν2

n−n,

2) νk−1 = ξk òîäi é òiëüêè òîäi, ÿêùî ξk = νk,

3)
(
N1(T

′), N2(T
′), . . . , Nn1(T

′)
)
�
(
p↓(νk1), p

↓(νk2), . . . , p
↓(νkrD )

)
,

¹ íåîáõiäíèìè òà äîñòàòíiìè äëÿ òîãî, ùîá iñíóâàâ íàáið (äîäàòíiõ)

ìàñ {m(j)
k }

nj
k=1 òà äîâæèí {l(j)k }

nj
k=0 (j = 1, 2, . . . , q− 1) ç

∑nj
k=0 l

(j)
k = lj òàê,

ùî ñïåêòðàëüíi çàäà÷i (4.15)�(4.18) òà (4.19)�(4.21)íà çiðêîâîìó ãðàôi T ′

ìàþòü ìíîæèíè {ξk}n−n−n+n,k 6=0 òà {νk}n−n−n+n,k 6=0 ÿê âëàñíi çíà÷åííÿ çàäà÷

Íåéìàíà òà Äiðiõëå.

Òåîðåìà 4.10. Íåõàé q ∈ N , q ≥ 3, {lj}q−1
j=1 ⊂ (0,∞), l ⊂ (0,∞),

n ∈ N , nj ∈ N (j = 1, 2, ..., q − 1), n ∈ N , n +
∑q−1

j=1 nj = n, p1 ∈ N ,

p1 ≤ n − n, r ∈ N (p1 ≥ r ≥ n1 + n2 (n1 ≥ n2 ≥ ... ≥ nq−1) òà ïðèïó-

ñòèìî, ùî {µk}nk=−n, k 6=0 = {γk}n−p1k=−n+p1,k 6=0 ∪ {βk}
p1
k=−p1,k 6=0, {λk}nk=−n, k 6=0 =
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{δk}n−p1k=−n+p1,k 6=0 ∪ {βk}
p1
k=−p1,k 6=0 ⊂ R, {βks}rs=1 ¹ åëåìåíòàìè {βk}

p1
k=1, ÿêi íå

ñïiâïàäàþòü îäèí ç iíøèì, òàêèìè, ùî:

0) µ−k = −µk, λ−k = −λk;

1) 0 < γ1 < δ1 < γ2 < · · · < γn−p1 < δn−p1;

2) ÷èñëî r ðiçíèõ åëåìåíòiâ βks ó {βk}
p1
k=1 çàäîâîëüíÿ¹ íåðiâíiñòü

r ≤ bn−n2 c;

3) ïðè âñiõ βk: f̂n(β2
k) = 0 ç f̂n, âèçíà÷åíèì ÿê ó (4.41), (4.42) ç

γ = l +

(
q−1∑
k=1

1

lk

)−1

òà äåÿêèì a1
n (0 < a1

n ≤ an);

4) {M1, ...,Mm}
w
�{p̃↓1, p̃

↓
2, ..., p̃

↓
r}, äå Mj = Nj(T

′)− 1, ÿêùî Nj(T
′) ≥ 2 òà

m = #{j : Nj(T
′) ≥ 2} òà {p̃↓1, p̃

↓
2, ..., p̃

↓
r} � öå âïîðÿäêîâàíèé âåêòîð

êðàòíîñòåé åëåìåíòiâ {βks}rs=1:

Òîäi iñíó¹ çiðêîâèé ãðàô ç q ñòiëüòü¹ñiâñüêèõ ñòðóí, òîáòî ìàñ

{mk}nk=1, {m
(j)
k }

nj
k=1 ⊂ (0,∞) òà äîâæèí iíòåðâàëiâ ìiæ íèìè {lk}nk=0,

(ln ≥ 0, lk > 0 ïðè k = 0, 1, ...,n − 1) ç
∑n

k=0 lk = l, {l(j)k }
nj
k=0 ⊂ (0,∞)

(j = 1, 2, . . . , q − 1) ç
∑nj

k=0l
(j)
k = lj, òàêèé, ùî çàäà÷à Íåéìàíà (4.15)�

(4.20) ìà¹ âëàñíi çíà÷åííÿ {µk}nk=−n, k 6=0 òà çàäà÷à Äiðiõëå (4.15)�(4.19),

(4.21) ìà¹ âëàñíi çíà÷åííÿ {λk}nk=−n, k 6=0.

Äîâåäåííÿ. Òàê ñàìî ÿê i ó Ëåìi 4.1, ïîáóäó¹ìî ôóíêöiþ

Φ(z) := γ

n−p1∏
k=1

(
1−

z

γ2
k

)
n−p1∏
k=1

(
1−

z

δ2
k

) = (4.44)
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= a0 +
1

−b1z +
1

a1 +
1

−b2z + · · ·+
1

an−1 +
1

−bnz +
1

an − a1
n + f̂n(z)

,

äå

f̂n(z) := a1
n +

1

−bn+1z +
1

an+1 +
1

−bn+2z + · · ·+
1

an−p1−1 +
1

−bn−p1z +
1

an−p1

.

(4.45)

Çiðêîâèé ãðàô, ÿêèé ìè øóêà¹ìî, áóäå ïîáóäîâàíèé íàñòóïíèì ÷èíîì.

Äëÿ ãîëîâíîãî ðåáðà ìè îáåðåìîmk := bk (k = 1, 2, . . . ,n) ÿê ìàñè, lk := ak

(k = 0, 1, . . . ,n − 1) òà ln := an − a1
n ÿê äîâæèíè iíòåðâàëiâ ìiæ íèìè íà

ãîëîâíîìó ðåáði, â òîé ÷àñ ÿê ôóíêöiÿ f̂n ç (4.41), (4.42) áóäå âèêîðèñòà-

íà äëÿ ïîáóäîâè ïiäãðàôó ç iíøèõ q − 1 ðåáåð, âèêîðèñòîâóþ÷è îáåðíåíó

Òåîðåìó 4.9.

Ç ðîçâèíåííÿ ëàíöþãîâîãî äðîáó (4.42) ôóíêöi¨ f̂n, âèïëèâà¹, ùî ôóí-

êöiÿ f̂n ¹ S0-ôóíêöi¹þ; áiëüø òîãî, f̂n ¹ âiäíîøåííÿì äâîõ ìíîãî÷ëåíiâ gn(z)

òà hn(z) ñòåïåíi n− p1 − n:

f̂n(z) =
gn(z)

hn(z)
.
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Çà Ëåìîþ 4.1 êîðåíi òà ïîëþñè ôóíêöi¨ f̂n, òîáòî êîðåíi ôóíêöié gn òà hn

ñòðîãî ÷åðãóþòüñÿ.

Îáåðåìî

g̃n(z) := gn(z)

p1∏
k=1

(z − β2
k), h̃n(z) := hn(z)

p1∏
k=1

(z − β2
k).

Êiëüêiñòü êîðåíiâ ν2
k ôóíêöi¨ g̃n(z) òà êîðåíiâ ξ2

k ôóíêöi¨ h̃n(z), ïîðàõîâàíèõ

ç óðàõóâàííÿì êðàòíîñòåé, ¹ n− n.

Çàðàç ïîêàæåìî, ùî ïîñëiäîâíîñòi {ξk}n−n−n+n,k 6=0 òà {νk}
n−n
−n+n,k 6=0 çàäîâîëü-

íÿþòü óìîâè Òåîðåìè 4.9.

Óìîâà 0) ó Òåîðåìi 4.9 çàäîâîëüíÿ¹òüñÿ àâòîìàòè÷íî. Óìîâè ÷åðãóâàííÿ

â 1), çà âèíÿòêîì äðóãî¨ ñòðîãî¨ íåðiâíîñòi ó Òåîðåìi 4.9 âèêîíóþòüñÿ, áî

êîðåíi ôóíêöié gn, hn óñi äîäàòíi, ÷åðãóþòüñÿ ñòðîãî òà ôóíêöi¨ g̃n, h̃n

âèíèêàþòü iç gn, hn òiëüêè øëÿõîì äîäàâàííÿ ñïiëüíèõ êîðåíiâ. ßêùî

ξk = νk, òîäi ç óìîâè 3) íàøî¨ òåîðåìè âèïëèâà¹, ùî νk = βs òà

p(ξk) = p(βs) = p(νk)− 1, ùî çàäîâîëüíÿ¹ óìîâó 2) Òåîðåìè 4.9.

Òàê ÿê óñi åëåìåíòè ïîñëiäîâíîñòåé {νk}n−n−n+n,[6=0\{βk}
p1
−p1,k 6=0 òà

{ξk}n−n−n+n,[6=0\{βk}
p1
−p1,k 6=0 ¹ ïðîñòèìè, ïðèïóùåííÿ 4) íàøî¨ òåîðåìè âèïëè-

âà¹ ç óìîâè 3) Òåîðåìè 4.9.

Ñïîñiá âiäíîâëåííÿ {m(j)
k }

nj
k=1 òà äîâæèí iíòåðâàëiâ {l

(j)
k }

nj
k=0

(j = 1, 2, ..., q − 1) îïèñàíèé ó äîâåäåííi Òåîðåìè 3.3.).

Çàëèøà¹òüñÿ äîâåñòè, ùî îòðèìàíi äàíi {mk}nk=1, {m
(j)
k }

nj
k=1, {lk}nk=0,

{l(j)k }
nj
k=0 ïîðîäæóþòü çàäà÷ó (4.8)�(4.13) çi ñïåêòðîì {µk}n−n,k 6=0 òà çàäà÷ó

(4.8)�(4.12), (4.14) çi ñïåêòðîì {λk}n−n,k 6=0.

Íàì âiäîìî, ùî âiäíîâëåíi çãàäàíèì ìåòîäîì ïîñëiäîâíîñòi {m(j)
k }

nj
k=1 òà

{l(j)k }
nj
k=0 (j = 1, 2, ..., q − 1) ïîðîäæóþòü çàäà÷ó (4.15)�(4.18) ç õàðàêòåðè-

ñòè÷íèì ìíîãî÷ëåíîì

q−1∑
j=1

[
R

(j)
2nj−1(λ

2)

q−1∏
k=1, k 6=j

R
(k)
2nk

(λ2)
]



82

òà çàäà÷ó (4.19)�(4.21) ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì

q−1∏
k=1

R
(k)
2nk

(λ2),

äå
q−1∏
k=1

R
(k)
2nk

(λ2)

q−1∑
j=1

[
R

(j)
2nj−1(λ

2)
q−1∏

k=1, k 6=j
R

(k)
2nk

(λ2)

= f̂n(z).

Íåõàé Φ(l0, z) � ìíîãî÷ëåí, ïîáóäîâàíèé çãiäíî ç (4.28)�(4.31), (4.35) òà

Φ(∞, z) � ìíîãî÷ëåí, ïîáóäîâàíèé çãiäíî ç (4.28)�(4.31), (4.34), âèêîðèñòî-

âóþ÷è íàøi äàíi {mk}nk=1, {m
(j)
k }

nj
k=1, {lk}nk=0, {l

(j)
k }

nj
k=0. Òîäi

Φ(z) = l0
Φ(l0, z)

Φ(∞, z)
, (4.46)

òà çà Ëåìîþ 4.1

Φ(z) = l0 +
1

−m1z +
1

l1 +
1

−m2z + · · ·+
1

ln−1 +
1

−mnz +
1

ln + f̂n(z)

. (4.47)

Ïîðiâíþþ÷è (4.47) ç (4.44), ðîáèìî âèñíîâîê, ùî óñi γk ¹ êîðåíÿìè

Φ(l0, z) òà óñi δk ¹ êîðåíÿìè Φ(∞, z). Êîæíå βk ñïiâïàäà¹ ç äåÿêèì µs òà

λs (àáî λs−1) êðàòíîñòi p(βk) ≤ min{µs, λs} àáî p(βk) ≤ min{µs, λs−1}.

Çàóâàæåííÿ 4.5. Ç óìîâè 3) âèïëèâà¹, ùî ÿêùî {λǩs}
ň
−ň,s6=0 ¹ ïiäïîñëi-

äîâíiñòþ ïîñëiäîâíîñòi {λk}n−n,k 6=0, òàêà ùî êîæíå λǩs ñïiâïàäà¹ ç äåÿêèì

βk òà {µk̂s}
n̂
−n̂,s6=0 ¹ ïiäïîñëiäîâíiñòþ ïîñëiäîâíîñòi {µk}n−n,k 6=0, òàêîþ, ùî

êîæíå µk̂s ñïiâïàäà¹ ç äåÿêèì βk, òîäi {µk̂s}
n̂
s=1 òà {λǩs}

ň
s=1 ¹ íåïîâíîþ

ïîñëiäîâíiñòþ äîâæèíè ≤ n, ÿêà ÷åðãó¹òüñÿ.
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Çàóâàæåííÿ 4.6. Òåîðåìà 4.10 âiäðiçíÿ¹òüñÿ âiä Òåîðåìè 4.8 óìîâîþ 4),

êîòðà îçíà÷à¹, ùî çíà÷åííÿ n òà nj ïðè j = 1, 2, ..., q − 1 çàäàíi àïðiîði.

Çàóâàæåííÿ 4.7. ×åðåç òå, ùî òâåðäæåííÿ 1), 3) Òåîðåìè 4.2 åêâiâà-

ëåíòíi óìîâàì 0), 1), 3) Òåîðåìè 4.10, òâåðäæåííÿ 1) Òåîðåìè 4.4 ¹ åêâi-

âàëåíòíèì óìîâi 2) Òåîðåìè 4.10, òâåðäæåííÿ Òåîðåìè 4.7 ñïiâïàäà¹ ç

óìîâîþ 4) Òåîðåìè 4.10, ìîæåìî áà÷èòè, ùî óìîâè Òåîðåìè 4.10 ¹ íåîá-

õiäíèìè òà äîñòàòíiìè.

Âèñíîâêè äî ðîçäiëó 4

Îáåðíåíà çàäà÷à âiäíîâëåííÿ ìàñ íàìèñòèí òà äîâæèí iíòåðâàëiâ ìiæ

íèìè íà çiðêîâîìó ãðàôi çà ñïåêòðàìè çàäà÷ ç óçàãàëüíåíîþ óìîâîþ

Íåéìàíà òà óçàãàëüíåíîþ óìîâîþ Äiðiõëå ó öåíòðàëüíié âåðøèíi áóëà

ðîçâ'ÿçàíà ó [89]. Â öié æå ðîáîòi áóëà ðîçâ'ÿçàíà îáåðíåíà çàäà÷à ç êî-

ðåíåì ó âèñÿ÷ié âåðøèíi, àëå â öié ðîáîòi íå ââàæàëèñÿ âiäîìèìè êiëüêiñòü

ìàñ íà ðåáðàõ. Îáåðíåíà çàäà÷à âiäíîâëåííÿ ìàñ íàìèñòèí òà äîâæèí ií-

òåðâàëiâ ìiæ íèìè íà çiðêîâîìó ãðàôi çà ñïåêòðàìè çàäà÷ ç óçàãàëüíåíîþ

óìîâîþ Íåéìàíà òà óçàãàëüíåíîþ óìîâîþ Äiðiõëå ó öåíòðàëüíié âåðøèíi,

àëå ç çàäàíèìè êiëüêîñòÿìè ìàñ íà ðåáðàõ áóëà ðîçâ'ÿçàíà ó [91]. Â ðîçäiëi

4 íàøî¨ ðîáîòè ðîçâ'ÿçàíà îáåðíåíà çàäà÷à íà çiðêîâîìó ãðàôi çi ñòiëüòü¹-

ñiâñüêèõ ñòðóí çà ñïåêòðàìè çàäà÷ ç óìîâîþ Äiðiõëå òà ç óìîâîþ Íåéìàíà

ó âèñÿ÷ié âåðøèíi ç çàäàíèìè êiëüêîñòÿìè ìàñ íà ðåáðàõ.
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ÐÎÇÄIË 5

Îáåðíåíà çàäà÷à äëÿ äåðåâà, ÿêå ñêëàäà¹òüñÿ çi

ñòiëüòü¹ñiâñüêèõ ñòðóí

5.1. Ïîñòàíîâêà ñïåêòðàëüíèõ çàäà÷

Íåõàé T � öå ïëàíàðíå ìåòðè÷íå äåðåâî ç q ≥ 2 ðåáðàìè, ùî ëåæàòü â

îäíié ïëîùèíi. ×åðåç vi ìè ïîçíà÷èìî âåðøèíè, ÷åðåç ej � ðåáðà, ÷åðåç lj

� ¨õ äîâæèíè, à ÷åðåç nj ≥ 0 ïîçíà÷èìî êiëüêiñòü íàìèñòèí ìàñ m
(j)
1 , m

(j)
2 ,

..., m
(j)
nj , ÿêi ïîäiëÿþòü ñòðóíó íà ïiäiíòåðâàëè l

(j)
0 , l

(j)
1 ,..., l

(j)
nj (l

(j)
k > 0 ïðè

j = 0, 1, nj−1, l
(j)
nj ≥ 0, m

(j)
k > 0, lj =

nj∑
k=0

l
(j)
k ). Êîðåíåì ìè îáèðà¹ìî äîâiëü-

íó âåðøèíó. Âèñÿ÷i âåðøèíè íå ìiñòÿòü ìàñè. Âñi ðåáðà ìè ñïðÿìîâó¹ìî

âiä êîðåíÿ.

Êîðiíü v ¹ ïî÷àòêîì ïiäiíòåðâàëó äîâæèíè l
(j)
0 íà êîæíîìó ðåáði ej,

iíöèäåíòíîìó ç êîðåíåì. Êîæíà iíøà âåðøèíà vi ìà¹ îäíå âõiäíå ðåáðî ej,

ÿêå çàêií÷ó¹òüñÿ ç ïiäiíòåðâàëîì äîâæèíè l
(j)
nj , â òîé ÷àñ, ÿê êîæíå âèõiäíå

ðåáðî er ïî÷èíà¹òüñÿ ó vi ç iíòåðâàëîì äîâæèíè l
(r)
0 . Âèïàäîê

l
(j)
nj = 0 âiäïîâiäà¹ ðîçòàøóâàííþ m

(j)
nj ó âíóòðiøíié âåðøèíi.

Ñòåïiíü âåðøèíè vi ïîçíà÷à¹òüñÿ ÷åðåç d(vi), ñòåïiíü ¨¨ âõîäó � ÷åðåç

d+(vi), â òîé ÷àñ ÿê ñòåïiíü âèõîäó � ÷åðåç d
−(vi). Çðîçóìiëî, ùî d

+(vi) = 1

äëÿ êîæíèõ vi 6= v òà d+(v) = 0. Ó êîæíié âèñÿ÷ié âåðøèíi vi, êîòðà íå ¹

êîðåíåì, ìà¹ìî d−(vi) = 0.

Ïðèïóñòèìî, ùî äåðåâî íàòÿãíóòî i âèñÿ÷i âåðøèíè, êðiì êîðåíÿ, çàêði-

ïëåíi. Ìè ðîçãëÿäà¹ìî äâà âèïàäêè: ó ïåðøîìó êîðiíü ôiêñó¹òüñÿ (çàäà÷à

Äiðiõëå), à ó äðóãîìó êîðiíü âiëüíî ðóõà¹òüñÿ ó íàïðÿìêó, ïåðïåíäèêó-

ëÿðíîìó äî ïîëîæåííÿ ðiâíîâàãè äåðåâà (çàäà÷à Íåéìàíà). Äåðåâî ìîæå

êîëèâàòèñÿ ó íàïðÿìêó, ïåðïåíäèêóëÿðíîìó äî ïîëîæåííÿ ðiâíîâàãè äåðå-
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âà. Ïîïåðå÷íi çìiùåííÿ ìàñ m
(j)
k ïîçíà÷èìî ÷åðåç w

(j)
k (t), çìiùåííÿ êîðåíÿ

� ÷åðåç w(t), äå t � öå ÷àñ.

ßêùî ðåáðî ej ¹ âõiäíèì äëÿ âíóòðiøíüî¨ âåðøèíè vi, òî çìiùåííÿ âõi-

äíîãî êiíöÿ ðåáðà ïîçíà÷à¹òüñÿ ÷åðåç w
(j)
nj+1(t), â òîé ÷àñ ÿê, ÿêùî ðåáðî

er ¹ âèõiäíèì äëÿ âåðøèíè vi, òî çìiùåííÿ âèõiäíîãî êiíöÿ ðåáðà ïîçíà-

÷à¹òüñÿ ÷åðåç w
(r)
0 (t). Âèêîðèñòîâóþ÷è òàêå çàóâàæåííÿ, êîëèâàííÿ äåðåâà

ìîæå áóòè îïèñàíå ñèñòåìîþ ðiâíÿíü

w
(j)
k (t)− w(j)

k+1(t)

l
(j)
k

+
w

(j)
k (t)− w(j)

k−1(t)

l
(j)
k−1

+m
(j)
k

∂2w
(j)
k

∂t2
(t) = 0 (5.1)

(k = 1, 2, . . . , ñj; j = 1, 2, ..., q),

äå ñj = nj − 1, ÿêùî l
(j)
nj = 0 òà ñj = nj, ÿêùî l

(j)
nj > 0.

Äëÿ êîæíî¨ âíóòðiøíüî¨ âåðøèíè vi (çà âèíÿòêîì êîðåíÿ) ç âõiäíèì

ðåáðîì ej òà âèõiäíèìè ðåáðàìè er ìè íàêëàäåìî óìîâè íåïåðåðâíîñòi

w
(r)
0 (t) = w

(j)
ñj+1(t) (5.2)

ïðè âñiõ r, ÿêi âiäïîâiäàþòü âèõiäíèì ðåáðàì. Ç áàëàíñó ñèë â òàêié âåðøèíi

vi âèïëèâà¹

w
(j)
ñj+1(t)− w

(j)
ñj

(t)

l
(j)
ñj

+
∑
r

w
(r)
0 (t)− w(r)

1 (t)

l
(r)
0

=


0, ÿêùî l

(j)
nj > 0,

m
(j)
nj

∂2w
(j)
nj (t)

∂t2
, ÿêùî l

(j)
nj = 0.

,

(5.3)

äå ñóìà óçÿòà ïî âñiõ âèõiäíèõ ðåáðàõ. Äëÿ ðåáðà ej, iíöèäåíòíîãî ç âèñÿ-

÷îþ âåðøèíîþ (çà âèíÿòêîì êîðåíÿ), ìè íàêëàäåìî êðàéîâó óìîâó Äiðiõëå:

w
(j)
nj+1(t) = 0. (5.4)

Â êîðåíi ìè íàêëàäåìî óìîâó Äiðiõëå

w(t) = 0, òîáòî w
(j)
0 (t) = 0 (5.5)

ïðè âñiõ j, ÿêi âiäïîâiäàþòü ðåáðàì, iíöèäåíòíèì ç êîðåíåì. Çàäà÷ó (5.1)-

(5.5) íàçâåìî êðàéîâîþ çàäà÷îþ Äiðiõëå íà T .
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Äëÿ òîãî, ùîá îòðèìàòè êðàéîâó çàäà÷ó Íåéìàíà, ìè çìiíèìî (5.5) íà

óçàãàëüíåíó óìîâó Íåéìàíà

w
(j)
0 (t) = w

(l)
0 (t) (5.6)

ïðè âñiõ j òà l, ÿêi âiäïîâiäàþòü ðåáðàì, iíöèäåíòíèì ç êîðåíåì òà

d(v)∑
j=1

w
(j)
0 (t)− w(j)

1 (t)

l
(j)
0

= 0. (5.7)

Ìè âèêëþ÷à¹ìî ç ðîçãëÿäó âèïàäîê, êîëè â êîðåíi ¹ íàìèñòèíà.

ßêùî êîðiíü ¹ âèñÿ÷îþ âåðøèíîþ, òîäi ìè ïîçíà÷èìî ÷åðåç e1 ðåáðî,

iíöèäåíòíå ç êîðåíåì. Â öüîìó âèïàäêó óìîâà Äiðiõëå (5.5) â êîðåíi ¹

w(t) = 0, òîáòî w
(1)
0 (t) = 0 (5.8)

òà óìîâè Íåéìàíà (5.6), (5.7) â öüîìó âèïàäêó ìîæíà çâåñòè äî

w(t) = w
(1)
0 (t) = w

(1)
1 (t). (5.9)

Ðîáëÿ÷è çàìiíó w
(k)
j (t) = eiλtu

(k)
j , wi(t) = eiλtui òà w(t) = eiλtu ó (5.1)�

(5.9), ìè îòðèìó¹ìî íàñòóïíi ñïåêòðàëüíi çàäà÷i:

Çàäà÷à Äiðiõëå

Äëÿ êîæíîãî ðåáðà:

u
(j)
k − u

(j)
k+1

l
(j)
k

+
u

(j)
k − u

(j)
k−1

l
(j)
k−1

−m(j)
k λ

2u
(j)
k = 0 (5.10)

(k = 1, 2, . . . , ñj, j = 1, 2, ..., q).

Äëÿ êîæíî¨ âíóòðiøíüî¨ âåðøèíè (çà âèíÿòêîì êîðåíÿ) ç âõiäíèì ðåáðîì

ej òà âèõiäíèìè ðåáðàìè er, ìà¹ìî

u
(j)
ñj+1 = u

(r)
0 , (5.11)

òà

u
(j)
ñj+1 − u

(j)
ñj

l
(j)
ñj

+
∑
r

u
(r)
0 − u

(r)
1

l
(r)
0

=

 0, ÿêùî l
(j)
nj > 0,

−m(j)
nj λ

2u
(j)
nj , ÿêùî l

(j)
nj = 0.

(5.12)



87

Äëÿ ðåáðà ej, iíöèäåíòíîãî ç âèñÿ÷åþ âåðøèíîþ (çà âèíÿòêîì êîðåíÿ),

ìà¹ìî êðàéîâó óìîâó Äiðiõëå:

u
(j)
nj+1 = 0. (5.13)

Â êîðåíi ìè ìà¹ìî óìîâó Äiðiõëå

u = 0 àáî u
(j)
0 = 0 (5.14)

ïðè âñiõ j, ÿêi âiäïîâiäàþòü ðåáðàì, iíöèäåíòíèì ç êîðåíåì.

ßêùî êîðiíü ¹ âèñÿ÷îþ âåðøèíîþ òà e1 � öå ðåáðî, iíöèäåíòíå ç êîðåíåì,

òî çàìiñòü (5.14) â êîðåíi ìè ìà¹ìî:

u
(1)
0 = 0. (5.15)

Çàäà÷à Íåéìàíà

Çàäà÷à Íåéìàíà íà äåðåâi T ñêëàäà¹òüñÿ ç ðiâíÿíü (5.10)�(5.13), ç ðiâ-

íÿíü

u
(j)
0 = u

(l)
0 (5.16)

ïðè âñiõ j òà l, ÿêi âiäïîâiäàþòü ðåáðàì, iíöèäåíòíèì ç êîðåíåì, òà ç

d(v)∑
j=1

u
(j)
0 − u

(j)
1

l
(j)
0

= 0. (5.17)

ßêùî êîðiíü ¹ âèñÿ÷îþ âåðøèíîþ òà e1 � öå ðåáðî, iíöèäåíòíå ç êîðåíåì,

òî çàìiñòü (5.16) òà (5.17) â êîðåíi ìè ìà¹ìî:

u
(1)
0 = u

(1)
1 . (5.18)

5.2. Íåîáõiäíi ðåçóëüòàòè

Äàëi íàì áóäóòü ïîòðiáíi íàñòóïíi ëåìè.

Ëåìà 5.1. Íåõàé φj � ðàöiîíàëüíà S0-ôóíêöiÿ ç nj êîðåíÿìè òà nj ïîëþ-

ñàìè ïðè j = 1, 2, ..., s. Òîäi

1

s∑
j=1

1

φj
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¹ ðàöiîíàëüíîþ S0-ôóíêöi¹þ ç ñ êîðåíÿìè òà ñ ïîëþñàìè, äå

ñ ≥ max{n1, n2, ..., ns}.

Äîâåäåííÿ. Ïðèâîäÿ÷è äî ñïiëüíîãî çíàìåííèêà îòðèìó¹ìî, ùî

1

s∑
j=1

1

φj

=

s∏
j=1

φj

s∑
j=1

s∏
k=1,k 6=j

φj

.

Íåõàé φj =
Qj

Pj
, äå Qj i Pj � öå ìíîãî÷ëåíè ñòåïåíÿ nj. Òîäi

1

s∑
j=1

1

φj

=
1

s∑
j=1

Pj

Qj

=

s∏
j=1

Qj

s∑
j=1

Pj
s∏

k=1,k 6=j
Qj

.

Áà÷èìî, ùî íàâiòü ïiñëÿ ñêîðî÷åííÿ ìîæëèâèõ ñïiëüíèõ ìíîæíèêiâ ó

÷èñåëüíèêó i çíàìåííèêó îòðèìó¹ìî, ùî ìíîãî÷ëåíè ÷èñåëüíèêà i çíàìåí-

íèêà ìàþòü ñòåïiíü ùîíàéìåíøå ñ.

Ëåìà 5.2. (äèâ. [89], Ëåìà 2.2) Íåõàé

ϕ = a0 +
1

−b1z +
1

a1 +
1

−b2z + ...+
1

ar−1 +
1

−brz +
1

ar + φ

, (5.19)

äå aj > 0 ïðè j = 0, 1, ..., r − 1, ar ≥ 0, bj > 0 ïðè j = 1, 2, ..., r òà íåõàé

φ � ðàöiîíàëüíà S0-ôóíêöiÿ ç n̂ ïîëþñàìè òà n̂ êîðåíÿìè. Òîäi ϕ � öå

ðàöiîíàëüíà S0-ôóíêöiÿ ç n̂+ r êîðåíÿìè òà n̂+ r ïîëþñàìè.
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Ëåìà 5.3. Ðàöiîíàëüíà ôóíêöiÿ

f(z) = C
n∏
k=1

1−
z

(νk)2

1−
z

(µk)2

, (5.20)

¹ S0-ôóíêöi¹þ òîäi é òiëüêè òîäi, êîëè C > 0 òà

0 < (µ1)
2 < (ν1)

2 < ... < (µn)
2 < (νn)

2.

Ëåìà 5.4. (äèâ., íàïðèêëàä [50], Ãëàâà II.2, ñ. 19/26). Ðàöiîíàëüíà ôóí-

êöiÿ

f(z) = C
n∏
k=1

1−
z

(νk)2

1−
z

(µk)2

, (5.21)

¹ S0-ôóíêöi¹þ òîäi é òiëüêè òîäi, êîëè 0 < (ν1)
2 < (ν2)

2 < ... < (νk)
2 òà

f(z)−1 =
n∑
k=1

Ak

z − (νk)2
+B,

äå Ak > 0 ïðè k = 1, 2, ..., n òà

B >

n∑
k=1

Ak

(νk)2
.

5.3. Ïðÿìà çàäà÷à

Äàëi ðîçãëÿíåìî äåðåâî T , êîòðå ìà¹ êîðiíü ó âèñÿ÷ié âåðøèíi. Çàäà÷à

Äiðiõëå íà öüîìó äåðåâi ñêëàäà¹òüñÿ ç ðiâíÿíü (5.10)�(5.13) òà (5.15), â òîé

÷àñ ÿê çàäà÷à Íåéìàíà ñêëàäà¹òüñÿ ç (5.10)�(5.13) òà (5.18).

Ïåðø çà âñå, ìè ïîìi÷à¹ìî, ùî âíóòðiøíi âåðøèíè ñòóïåíÿ 2 íå âïëèâà-

þòü íà ðåçóëüòàòè, i ìè ìîæåìî ïðèïóñòèòè âiäñóòíiñòü òàêèõ âåðøèí áåç

âòðàòè çàãàëüíîñòi. Íåõàé P � öå ïðîñòèé ëàíöþã ó äåðåâi T , ÿêèé âêëþ÷à¹

ìàêñèìàëüíó êiëüêiñòü ìàñ. Âî÷åâèäü, âií ïî÷èíà¹òüñÿ i çàêií÷ó¹òüñÿ âè-

ñÿ÷èìè âåðøèíàìè. Ïî÷àòêîâó âåðøèíó ìè ïîçíà÷èìî ÷åðåç v0 òà îáåðåìî
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¨¨ ÿê êîðiíü äåðåâà. Íóìåðàöiÿ iíøèõ âåðøèí ¹ äîâiëüíîþ. Ñïðÿìîâó¹ìî

ðåáðà âiä êîðåíÿ. Ïîçíà÷èìî ðåáðî, ÿêå âõîäèòü ó âåðøèíó vi ÷åðåç ei äëÿ

âñiõ i. Òîäi P : v0 → v1 → vs2 → vs3 → ...→ vsr−1 → vsr . Òóò r � öå äîâæèíà

ëàíöþãà. Âèäàëèâøè v0 òà e1, ìè îòðèìó¹ìî íîâå äåðåâî T
′, ÿêå ìà¹ êîðiíü

ó âåðøèíi v1 (äèâ. Ðèñ 5.1.).

Òàê ÿê d(v1) > 2, ìè ìîæåìî ïîäiëèòè íàøå äåðåâî T ′ íà ïiääåðåâà T ′1,

T ′2, ..., T
′
d(v1)−1, ìàþ÷è v1 ÿê ¹äèíó ñïiëüíó âåðøèíó. (Êàæåìî, ùî T

′
1, T

′
2, ...,

T ′d(v1)−1 ¹ äîïîâíþþ÷èìè ïiääåðåâàìè äåðåâà T ′ (äèâ. Ðèñ 5.1.).

Ðèñ. 5.1:

.

Ïîçíà÷èìî ÷åðåç φN(v) õàðàêòåðèñòè÷íèé ìíîãî÷ëåí çàäà÷i (5.10)�

(5.13), (5.18) äëÿ äåðåâà T òà ÷åðåç φD(v) õàðàêòåðèñòè÷íèé ìíîãî÷ëåí

çàäà÷i (5.10)� (5.13), (5.15) äëÿ öüîãî äåðåâà. Öi ìíîãî÷ëåíè íîðìàëiçîâàíi

òàê, ùî

φD(v)(0)

φN(v)(0)
= l1 +

1

d(v1)−1∑
r=1

φNr(v1)(0)

φDr(v1)(0)

,

φD,r(v1)(z) � öå õàðàêòåðèñòè÷íèé ìíîãî÷ëåí çàäà÷i Äiðiõëå (5.10)� (5.13),
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(5.15) äëÿ T ′r òà φN,r(v1)(z) � öå õàðàêòåðèñòè÷íèé ìíîãî÷ëåí çàäà÷i Íåéìà-

íà (5.10)� (5.13), (5.18) äëÿ T ′r i öåé ðîçêëàä ìîæíà ïðîäîâæèòè.

Íàñòóïíèé ðåçóëüòàò áóâ îòðèìàíèé ó [87] (äèâèñü äîâåäåííÿ Íàñëiäêó

2.9 òàì). Ó öié ðîáîòi ïåðåäáà÷àëîñÿ âiäñóòíiñòü íàìèñòèí ó âíóòðiøíiõ

âåðøèíàõ äåðåâà (l
(j)
nj > 0 ïðè âñiõ j) àëå äîâåäåííÿ çàëèøà¹òüñÿ âiðíèì,

ÿêùî l
(j)
nj = 0 ïðè äåÿêèõ çíà÷åííÿõ j.

Òåîðåìà 5.1. Íåõàé êîðiíü v ¹ âèñÿ÷îþ âåðøèíîþ äåðåâà T . Òîäi äðiá

φD(v)(z)

φN(v)(z)
ìîæå áóòè ðîçâèíåíèé ó ëàíöþãîâèé äðiá

φD(v)(z)

φN(v)(z)
= l

(1)
0 +

1

−m(1)
1 z +

1

l
(1)
1 +

1

−m(1)
2 z + ...+

1

−m(1)
n1 z +

1

l
(1)
n1 +

φD(v1)(z)

φN(v1)(z)

,

(5.22)

äå φD(v1)(z) � öå õàðàêòåðèñòè÷íèé ìíîãî÷ëåí çàäà÷i (5.10)�(5.14) äëÿ

T ′ òà φN(v1)(z) � öå õàðàêòåðèñòè÷íèé ìíîãî÷ëåí çàäà÷i (5.10)�(5.13),

(5.16), (5.17) äëÿ T ′,

φD(v1)(z)

φN(v1)(z)
=

1

d(v1)−1∑
r=1

φNr(v1)(z)

φDr(v1)(z)

, (5.23)

äå d(v1) � öå ñòåïiíü v1 ÿê âåðøèíè T , φDr(v1) � öå õàðàêòåðèñòè÷íèé

ìíîãî÷ëåí çàäà÷i (5.10)� (5.13), (5.15) äëÿ Tr òà φNr(v1) � öå õàðàêòåðè-
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ñòè÷íèé ìíîãî÷ëåí çàäà÷i (5.10)� (5.13), (5.18) äëÿ íüîãî,

φDr(v1)(z)

φNr(v1)(z)
= l

(r)
0 +

1

−m(r)
1 z +

1

l
(r)
1 +

1

−m(r)
2 z + ...+

1

−m(r)
nr z +

1

l
(r)
nr + fr(z)

.

(5.24)

Ó ñâîþ ÷åðãó êîæåí fr ìîæíà ðîçâèíóòè àíàëîãi÷íî äî (5.23), (5.24).

Çàóâàæåííÿ 5.1. Ó [88] äîâåäåíî, ùî êiëüêiñòü ðiçíèõ âëàñíèõ çíà÷åíü

êîæíî¨ çàäà÷i (5.10)� (5.13), (5.15) òà (5.10)�(5.13), (5.18) äëÿ äåðåâà, ùî

íåñå ìàñè íà êîæíîìó ðåáði íå ìåíøå ìàêñèìàëüíî¨ êiëüêîñòi òî÷êîâèõ

ìàñ íà ëàíöþãó â öüîìó äåðåâi.

5.4. Îáåðíåíà çàäà÷à

Òåïåð ðîçãëÿíåìî îáåðíåíó çàäà÷ó, òîáòî çàäà÷ó çíàõîäæåííÿ âåëè÷èí

ìàñ íàìèñòèí òà iíòåðâàëiâ ìiæ íèìè çà âiäîìèìè ñïåêòðàìè çàäà÷ Íåéìà-

íà òà Äiðiõëå, òà âiäîìîþ ôîðìîþ äåðåâà i âiäîìèìè äîâæèíàìè ðåáåð.

Òåîðåìà 5.2. Íåõàé äàíi ñèìåòðè÷íi {µk}nk=−n, k 6=0 òà {νk}nk=−n, k 6=0

(µ−k = −µk, ν−k = −νk) òà ìîíîòîííi ïîñëiäîâíîñòi äiéñíèõ ÷èñåë, êîòði

÷åðãóþòüñÿ íàñòóïíèì ÷èíîì:

0 < (µ1)
2 < (ν1)

2 < ... < (µn)
2 < (νn)

2. (5.25)

Íåõàé T � ïëîñêå ìåòðè÷íå äåðåâî çàäàíî¨ ôîðìè, êîòðå ìà¹ êîðiíü ó

âèñÿ÷ié âåðøèíi v ç çàäàíèìè äîâæèíàìè ðåáåð lj > 0 (j = 1, 2, ..., q, q �

öå êiëüêiñòü ðåáåð äåðåâà T ).

Òîäi:
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1. iñíóþòü ÷èñëà nj ∈ {0} ∪ N (j = 1, 2, ..., q), ïîñëiäîâíîñòi äîäà-

òíèõ ÷èñåë {m(j)
k }

nj
k=1 (ìàñè íàìèñòèí íà ðåáði ej, j = 1, 2, ..., q) òà

÷èñëà {l(j)k }
nj
k=0 (äîâæèíè iíòåðâàëiâ ìiæ íèìè) (l

(j)
k > 0 ïðè âñiõ

k = 0, 1, ..., nj − 1, lnj ≥ 0 ïðè âñiõ j = 1, 2, ..., g, òàêi, ùî
nj∑
k=0

l
(j)
k = lj,

q∑
j=1

nj = n), ñïåêòð çàäà÷i Íåéìàíà (5.10)�(5.13), (5.18) ñïiâïàäà¹ ç

{µk}nk=−n, k 6=0 òà ñïåêòð çàäà÷i Äiðiõëå (5.10)�(5.13), (5.15) ñïiâïàäà¹

ç {νk}nk=−n, k 6=0;

2. äâà ñïåêòðè {µk}nk=−n, k 6=0 òà {νk}nk=−n, k 6=0 òà äîâæèíà l1 ðåáðà, ÿêå ¹

iíöèäåíòíèì ç êîðåíåì, îäíîçíà÷íî âèçíà÷àþòü ìàñè {m(1)
k }

n1
k=1 (ìà-

ñè íàìèñòèí ðåáðà e1) òà äîâæèíè {l(1)
k }

n1
k=0 ïiäiíòåðâàëiâ íà öüîìó

ðåáði.

Äîâåäåííÿ. Ïî-ïåðøå, ìè ðîçãëÿíåìî ðàöiîíàëüíó ôóíêöiþ

F (z) := ΦT,v

n∏
k=1

1−
z

(µk)2

1−
z

(νk)2

, (5.26)

äå ΦT,v > 0 � öå ôîðì-ôàêòîð äåðåâà T , êîòðèé çàëåæèòü âiä ôîðìè äåðåâà

òà äîâæèí ðåáåð. Âií ìîæå áóòè çíàéäåíèé ïðè ïiäñòàíîâöi z = 0 ó (5.22)�

(5.24): ΦT,v :=
φN(v)(0)

φD(v)(0)
.

Íåõàé e1 � ðåáðî, ÿêå ïî¹äíó¹ êîðiíü v ç âåðøèíîþ v1 òà íåõàé l1 �

äîâæèíà öüîãî ðåáðà. Ïiäñòàâëÿþ÷è z = 0 ó (5.22), ìè îòðèìó¹ìî

Φ−1
T,v = l1 +

φD(v1)(0)

φN(v1)(0)
> l1. (5.27)

Çàâäÿêè (5.25) òà íåðiâíîñòi ΦT,v > 0, F−1(z) ¹ S0-ôóíêöi¹þ, i îòæå âîíà
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ìîæå áóòè ïðåäñòàâëåíà ÿê

F (z)−1 = a0 +
1

−b1z +
1

a1 +
1

−b2z + ...+
1

an−1 +
1

−bnz +
1

an

, (5.28)

äå ak > 0 ïðè k = 0, 1, ..., n òà bk > 0 ïðè k = 1, 2, ..., n.

Òàê ÿê F−1(0) =
n∑
k=0

ak = Φ−1
T,v ≥ l1, ìè ìîæåìî îáðàòè öiëå ÷èñëî n1

òàêå, ùî
n1−1∑
k=0

ak ≤ l1 <

n1∑
k=0

ak (5.29)

òà ïðåäñòàâèòè F (z)−1 íàñòóïíèì ÷èíîì:

F (z)−1 = a0 +
1

−b1z +
1

a1 +
1

−b2z + ...+
1

an1−1 +
1

−bn1z +
1

ân1 + F1(z)−1

,

(5.30)

äå

ân1 = l1 −
n1−1∑
k=0

ak (5.31)
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òà

F1(z)−1 = an1 − ân1 +
1

−bn1+1z +
1

an1+1 +
1

−bn1+2z + ...+
1

an−1 +
1

−bnz +
1

an

.

(5.32)

Îòîòîæíþ¹ìî {a0, a1, ..., an1−1, ân1} ç ïiäiíòåðâàëàìè ðåáðà e1 òà

{b1, b2, ..., bn1} ç ìàñàìè íàìèñòèí íà íüîìó: ak = l
(1)
k (k = 0, 1, ..., n1 − 1),

ân1 = l
(1)
n1 , bk = m

(1)
k (k = 1, 2, ..., n1).

Òàê ÿê d(v1) > 2 íà äåðåâi T , ïîäiëèìî äåðåâî T ′ íà d(v1)−1 äîïîâíþþ÷i

ïiääåðåâà Tj, ÿêi ìàþòü êîðåíi ó v1 êîæíå (äèâ. Ðèñ 5.2.). Çðîçóìiëî, ùî

F1(z)−1 íàëåæèòü äî êëàñó S0-ôóíêöié òà îòæå

F1(z) = ΦT ′,v1

n−n1∏
k=1

1−
z

(µ̃k)2

1−
z

(ν̃k)2

, (5.33)

äå

Φ−1
T ′,v1

= Φ−1
T,v − l1,

0 < (µ̃1)
2 < (ν̃1)

2 < (µ̃2)
2 < ... < (ν̃n−n1)

2.

Âiäîìî (äèâ., íàïðèêëàä, [81]), ùî ÿêùî ôóíêöiÿ F1(z)−1 íàëåæèòü äî

S0, òî ôóíêöiÿ F1(z) ìîæå áóòè ïðåäñòàâëåíà íàñòóïíèì ÷èíîì:

F1(z) =

n−n1∑
k=1

Ak

z − (ν̃k)2
+B, (5.34)

Ak > 0, B > 0 (5.35)



96

òà îñêiëüêè F−1(0) = Φ−1
T ′,v1

, òî B = ΦT ′,v1 +
n−n1∑
k=1

Ak

(ν̃k)2
.

Ðèñ. 5.2:

.

Îáåðåìî íåâiä'¹ìíi öiëi ÷èñëà Nj (j = 1, 2, ..., d(v1)− 1) òàê, ùî
d(v1)−1∑
j=1

Nj = n− n1.

Òàê ÿê ΦT ′,v1 > 0, òî ìà¹ìî

B >

n−n1∑
k=1

Ak

(ν̃k)2
. (5.36)

Ïðåäñòàâèìî ìíîæèíó {(ν̃k)2}n−n1k=1 ÿê îá'¹äíàííÿ íåïåðåñi÷íèõ ìíîæèí

{(ν̃
k
(1)
s

)2}N1
s=1, {(ν̃k(2)s

)2}N2
s=1, ..., {(ν̃k(d(v)−1)s

)2}Nd(v1)−1
s=1 òà îáåðåìî ÷èñëà Bj

(j = 1, 2, ..., d(v1)− 1) òàêi, ùî

d(v1)−1∑
j=1

Bj = B (5.37)
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òà

Bj >

Nj∑
s=1

Aks

(ν̃
(j)
ks

)2
. (5.38)

Òîäi

F1(z) = ΦT ′,v1

n−n1∏
k=1

1−
z

(µ̃k)2

1−
z

(ν̃k)2

=

d(v1)−1∑
j=1

 Nj∑
s=1

Aks

z − (ν̃
(j)
ks

)2
+Bj

 . (5.39)

Ââåäåìî ïîçíà÷åííÿ

ΦTj ,v1 = Bj −
Nj∑
s=1

Aks

(ν̃
(j)
ks

)2
> 0. (5.40)

Ïîêàæåìî, ùî iñíó¹ òàêèé ðîçïîäië íàìèñòèí íà äîïîâíþþ÷èõ ïiääåðåâàõ

Tj (j = 1, 2, ..., d(v1)− 1,
d(v1)−1
∪
j=1

Tj = T ′) òàêèé, ùî:

1. êiëüêiñòü ìàñ íà äåðåâàõ Tj ¹ Nj, ôîðì-ôàêòîðè äåðåâ Tj � öå ΦTj ,v1;

2. ðàöiîíàëüíà ôóíêöiÿ

Nj∑
s=1

Aks

z − (ν̃
(j)
ks

)2
+Bj, (5.41)

ÿêà ìà¹ Nj ïðîñòèõ êîðåíiâ òà Nj ïðîñòèõ ïîëþñiâ ¹
φ

(j)
N (z)

φ
(j)
D (z)

, äå φ
(j)
N (z)

òà φ
(j)
D (z) � õàðàêòåðèñòè÷íi ìíîãî÷ëåíè çàäà÷ Íåéìàíà òà Äiðiõëå äëÿ

ïiääåðåâà Tj.

Çàðàç ðîçêëàäåìî

 Nj∑
s=1

Aks

z − (ν̃
(j)
ks

)2
+Bj

−1

ó ëàíöþãîâèé äðiá
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 Nj∑
s=1

Aks

z − (ν̃
(j)
ks

)2
+Bj

−1

= (5.42)

= a
(j)
0 +

1

−b(j)
1 z +

1

a
(j)
1 +

1

−b(j)
2 z + ...+

1

a
(j)
Nj−1 +

1

−b(j)
Nj
z +

1

a
(j)
Nj

,

Çðîçóìiëî, ùî çàâäÿêè (5.35) òà (5.38) ëiâà ÷àñòèíà (5.42) ¹ S0-ôóíêöi¹þ.

Íåðiâíîñòi
ñj−1∑
k=0

a
(j)
k ≤ l1,j <

ñj∑
k=0

a
(j)
k , äå l1,j � äîâæèíà ðåáðà äåðåâà Tj,

iíöèäåíòíîãî ç v1 îäíîçíà÷íî âèçíà÷àþòü âåëè÷èíè ñj. Òîäi ìîæåìî ïåðå-

ïèñàòè (5.42) òàêèì ÷èíîì: Nj∑
s=1

Aks

z − (ν̃
(j)
ks

)2
+Bj

−1

=

= a
(j)
0 +

1

−b(j)
1 z +

1

a
(j)
1 +

1

−b(j)
2 z + ...+

1

a
(j)
ñj−1 +

1

−b(j)
ñj
z +

1

ã
(j)
ñj

+ F−1
j,1 (z)

, (5.43)
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äå ã
(j)
ñj

= l1,j −
ñj−1∑
k=0

a
(j)
k > 0 òà

F−1
j,1 (z) = a

(j)
ñj
−ã(j)

ñj
+

1

−b(j)
ñj+1z +

1

a
(j)
ñj+1 +

1

−b(j)
ñj+2z + ...+

1

a
(j)
Nj−1 +

1

−b(j)
Nj
z + 1

a
(j)
Nj

.

(5.44)

Îòîòîæíþ¹ìî ÷èñëà a
(j)
0 , a

(j)
1 ,..., a

(j)
ñj−1, ã

(j)
ñj

ç äîâæèíàìè ïiäiíòåðâàëiâ

l
(1,j)
0 , l

(1,j)
1 , ..., l

(1,j)
ñj

òà b
(j)
1 , b

(j)
2 , ..., b

(j)
ñj

ç ìàñàìè íàìèñòèí m
(1,j)
1 , ..., m

(1,j)
ñj

íà

ðeáði e1,j. Òàêèì ñàìèì ÷èíîì ÿê ó (5.33), ìè îòðèìó¹ìî

Fj,1(z) =

Nj−ñj∑
k=1

Ãk

z − (ν̃k)2
+ B̃j (5.45)

ç Ãj
k > 0 òà B̃j >

Nj−ñj∑
k=1

Ãk

(ν̃
(j)
k )2

.

Ïîçíà÷èìî ÷åðåç v1,j äðóãó âåðøèíó, iíöèäåíòíó ç e1,j òà ÷åðåç d(v1,j) �

ñòåïiíü âåðøèíè v1,j. Çàðàç ìè ðîçãëÿíåìî äåðåâî T ′j, ÿêå áóëî îòðèìàíî

âèäàëåííÿì ðåáðà e1,j ç Tj (äèâ. Ðèñ. 5.2.). Íåõàé v1,j � öå êîðiíü äåðåâà T
′
j.

Ïiäñòàâëÿþ÷è z = 0 ó (5.39) òà âèêîðèñòîâóþ÷è (5.40), ìè îòðèìó¹ìî

ΦT ′,v1 =

d(v1)−1∑
i=1

ΦTj ,v1.

Ç iíøîãî áîêó, ç (5.43) âèïëèâà¹

Φ−1
Tj ,v1

= l1,j + Fj,1(0)−1

i, îòæå, F−1
j,1 (0) = Φ−1

T ′j ,v1,1
.

Ïðîäîâæèìî öþ ïðîöåäóðó. Â êiíöi ìè îòðèìó¹ìî íåñêií÷åííèé ëàíöþ-

ãîâèé äðiá. Ìè îòîòîæíþ¹ìî a
(j)
k = l

(1,j)
k (k = 0, 1, ..., nj − 1), ânj = l

(1,j)
nj ,
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b
(j)
k = m

(1,j)
k (k = 1, 2, ..., n1,j). Çàâäÿêè Òåîðåìi 5.1, çàäà÷i (5.10)� (5.13),

(5.18) òà (5.10)�(5.13), (5.15) ç öèìè ìàñàìè òà ïiäiíòåðâàëàìè ìàþòü äðiá

φD(v)(z)

φN(v)(z)
= F−1(z), äå F (z) ¹ äàíèì ó (5.26).

Òàê ÿê ðiâíÿííÿ (5.30) îäíîçíà÷íî âèçíà÷à¹ ìíîæèíè {ak}n1−1
k=0 ∪{ân1} òà

{bk}n1k=1, òà (5.31) îäíîçíà÷íî âèçíà÷à¹ ÷èñëî n1. Òâåðäæåííÿ 2. ¹ âiðíèì.

Òåîðåìà 5.3. Íåõàé {µk}nk=−n, k 6=0 òà {νk}nk=−n, k 6=0 � ñèìåòðè÷íi (µ−k =

−µk, ν−k = −νk) òà ìîíîòîííi ïîñëiäîâíîñòi äiéñíèõ ÷èñåë, ÿêi ñòðîãî

÷åðãóþòüñÿ íàñòóïíèì ÷èíîì:

0 < (µ1)
2 < (ν1)

2 < ... < (µn)
2 < (νn)

2. (5.46)

Íåõàé T � ïëîñêå ìåòðè÷íå äåðåâî çàäàíî¨ ôîðìè, êîòðå ìà¹ êîðiíü ó

âèñÿ÷ié âåðøèíi v iç çàäàíèìè êiëüêîñòÿìè ìàñ íà ðåáðàõ nj ≥ 0

(j = 1, 2, ..., q, q � êiëüêiñòü ðåáåð äåðåâà T , nj ≥ 0,
q∑
j=1

nj = n).

Òîäi iñíóþòü ïîñëiäîâíîñòi äîäàòíèõ ÷èñåë {m(j)
k }

nj
k=1 (m

(j)
k > 0 � ìàñè

íàìèñòèí íà ðåáði ej, j = 1, 2, ..., q) òà ÷èñëà {l(j)k }
nj
k=0 (äîâæèíè iíòåð-

âàëiâ ìiæ íàìèñòèíàìè, l
(j)
k > 0 ïðè âñiõ k = 0, 1, ..., nj − 1, lnj ≥ 0 ïðè

âñiõ j = 1, 2, ..., q), òàêi, ùî ñïåêòð çàäà÷i Íåéìàíà (5.10)�(5.13), (5.18)

ñïiâïàäà¹ ç {µk}nk=−n, k 6=0 òà ñïåêòð çàäà÷i Äiðiõëå (5.10)�(5.13), (5.15)

ñïiâïàäà¹ ç {νk}nk=−n, k 6=0.

Äîâåäåííÿ. Îáåðåìî äîâiëüíå äîäàòí¹ ÷èñëî ΦT,v òà ïîáóäó¹ìî ðàöiîíàëüíó

ôóíêöiþ F (z) ÿê ó (5.26) òà ðîçêëàäåìî F−1(z) ó ëàíöþãîâèé äðiá (5.28),

îáåðåìî l1 òàê, ùîá çàäîâîëüíèòè (5.29) òà ïîçíà÷èìî

Φ−1
T ′,v1

:= Φ−1
T,v − l1.

Òàê ÿê

l1 <

n1∑
k=0

ak ≤
n∑
k=0

ak = F−1(0) = Φ−1
T,v,
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òî ìè ïðèõîäèìî äî

Φ−1
T ′,v1

> 0.

Òåïåð ÷èñëî Nj (j = 1, 2, ..., d(v1) − 1), êîòðå ¹ çàãàëüíîþ êiëüêiñòþ

íàìèñòèí äåðåâà Tj ìîæå áóòè çíàéäåíî, âèêîðèñòîâóþ÷è çàäàíi êiëüêîñòi

íàìèñòèí nj íà ðåáðàõ äåðåâà Tj.

Ðîçiá'¹ìî ìíîæèíó {Ak}n−n1k=1 êîåôiöi¹íòiâ ó (5.34) íà ãðóïè {A(j)
ks
}Nj

s=1

(j = 1, 2, ..., d(v) − 1) äîâiëüíèì ÷èíîì òà îáåðåìî äîäàòíi ÷èñëà Bj òàê,

ùîá âèêîíóâàëèñü (5.37), (5.38). Öå ìîæëèâî çàâäÿêè (5.27). Ïîçíà÷èìî

÷åðåç ΦTj ,v1 âåëè÷èíè, îòðèìàíi ç (5.31), êîòði ìè ðîçãëÿíåìî ÿê ôîðì-

ôàêòîðè äåðåâ Tj, êîòði ìè áóäó¹ìî. Çàâäÿêè Aj > 0 òà (5.38), ôóíêöi¨ Nj∑
s=1

Aks

z − (ν
(j)
ks

)2
+Bj

−1

¹ S0 - ôóíêöiÿìè i, îòæå, (5.43) ¹ âiðíèì. Îáåðå-

ìî äîâæèíó lj ðåáðà ej, iíöèäåíòíîãî ç âåðøèíîþ v òàê, ùî
nj−1∑
k=0

a
(j)
k ≤ lj <

nj∑
k=0

a
(j)
k , äå nj � êiëüêiñòü ìàñ íà ðåáði ej. Òîäi ìè ïðåä-

ñòàâèìî ôóíêöi¨ ÿê ó (5.43) òà (5.44), àëå ç äàíèìè nj çàìiñòü ñj. Òîäi ìè

ïðîäîâæèìî öþ ïðîöåäóðó ÿê ó äîâåäåííi Òåîðåìè 5.2.

Âèñíîâêè äî ðîçäiëó 5

Âiäîìî ç [87] (äèâ. òàêîæ [82]), ùî ÿêùî äâi ïîñëiäîâíîñòi äîäàòíèõ ÷è-

ñåë ÷åðãóþòüñÿ ó ñòðîãîìó ñåíñi, òî äëÿ áóäü-ÿêîãî çàäàíîãî äåðåâà iñíó¹

ðîçïîäië íàìèñòèí, ¨õ ìàñ òà âiäñòàíåé ìiæ íèìè òàêèé, ùî îäíà ç ïîñëi-

äîâíîñòåé ¹ ñïåêòðîì çàäà÷i Íåéìàíà íà öüîìó äåðåâi, à äðóãà ¹ ñïåêòðîì

çàäà÷i Äiðiõëå íà öüîìó äåðåâi. ßêùî êðiì ôîðìè äåðåâà çàäàíi çàãàëüíi

äîâæèíè ðåáåð, òî ðîçâ'ÿçîê òàêî¨ îáåðíåíî¨ çàäà÷i òàêîæ iñíó¹, àëå äîâæè-

íè ðåáåð ìàþòü áóòè îáðàíi òàê, ùî ó âíóòðiøíiõ âåðøèíàõ íå îïèíÿ¹òüñÿ

íàìèñòèíà. Öå óòî÷íåííÿ áóëî íàâåäåíå ó ðîáîòi [82] (Òåîðåìà 4.4.1).

Ó ðîçäiëi 5 ïîêàçàíî, ùî òàêå äåðåâî i ðîçïîäië ìàñ òà âiäñòàíåé ìiæ

íèìè iñíó¹ i ó âèïàäêó, êîëè íàìèñòèíè ìîæóòü îïèíÿòèñÿ ó âíóòðiøíiõ

âåðøèíàõ äåðåâà.
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ÐÎÇÄIË 6

Ñïåêòðàëüíà çàäà÷à êîëèâàíü ôóëåðiíà

6.1. Ãðàô ôóëåðiíà

Ùå ç ÷àñiâ Ïëàòîíà òà Àðõiìåäà âiäîìî, ùî iñíó¹ òiëüêè 5 ïðàâèëüíèõ

ìíîãîãðàííèêiâ, êîòði íàçèâàþòü òiëàìè Ïëàòîíà. Òàêîæ ¹ àðõiìåäîâi àáî,

òàê çâàíi, íàïiâïðàâèëüíi ìíîãîãðàííèêè.

Ó ñâî¨é ðîáîòi ìè ðîçãëÿíåìî óñi÷åíèé iêîñàåäð. Ç òî÷êè çîðó ìàòåìàòè-

êè, öå ñòàðèé îá'¹êò, ÿêèé çíîâ ïðèâåðíóâ óâàãó âiäíîñíî íåäàâíî. Iíòåðåñ

äî öüîãî îá'¹êòà âèíèê íåñïîäiâàíî çíîâó ó çâ'ÿçêó ç âiäêðèòòÿì õiìiêàìè

òðåòüîãî ñòàíó àãðåãàöi¨ âóãëåöþ. Âèÿâèëîñÿ, ùî öåé ñòàí âóãëåöþ âiä-

ïîâiäà¹ ìîëåêóëi, ùî ñêëàäà¹òüñÿ ç 60 àòîìiâ, ÿêi ðîçòàøîâàíi ó âåðøèíàõ

óñi÷åíîãî iêîñàåäðà. Ôóëåðií � öå áóäü-ÿêà ìîëåêóëà, ùî ñêëàäà¹òüñÿ ïîâíi-

ñòþ ç âóãëåöþ ó âèãëÿäi ïîðîæíèñòî¨ ñôåðè, åëiïñî¨äà, òðóáêè òà áàãàòüîõ

iíøèõ ôîðì. Ó íàøîìó âèïàäêó ìè ðîçãëÿíåìî áàêìiíñòåðôóëåðií C60.

Âií áóâ îòðèìàíèé ó 1989 ðîöi Ði÷àðäîì Ñìîëëi i áóâ íàçâàíèé íà ÷åñòü

Ði÷àðäà Áàêìiíñòåðà Ôóëëåðà, àðõiòåêòîðà, ÿêèé ñòâîðèâ ãåîäåçè÷íèé êó-

ïîë, ñõîæèé íà óñi÷åíèé iêîñàåäð. Áàêìiíñòåðôóëåðií - íàéìåíøà ìîëåêóëà

ôóëåðiíó, ùî ìiñòèòü ï'ÿòèêóòíó òà øåñòèêóòíó ãðàíi, ó ÿêèõ æîäíi äâà

ï'ÿòèêóòíèêè íå ìàþòü ñïiëüíîãî ðåáðà. Ñòðóêòóðà C60 - öå óñi÷åíèé iêîñà-

åäð (îäèí iç íàïiâïðàâèëüíèõ àáî àðõiìåäîâèõ òâåðäèõ òië), ÿêèé íàãàäó¹

ôóòáîëüíèé ì'ÿ÷ òàêîãî òèïó, ÿêèé âèãîòîâëåíèé iç äâàäöÿòè øåñòèêóòíè-

êiâ òà äâàíàäöÿòè ï'ÿòèêóòíèêiâ, ç àòîìàìè âóãëåöþ ó âåðøèíàõ êîæíîãî

ìíîãîêóòíèêà i çâ'ÿçîê óçäîâæ êîæíîãî êðàþ ìíîãîêóòíèêà [93] (äèâ. Ðèñ

6.1, [104]).

Ó öüîìó ðîçäiëi ìè ðîçãëÿíåìî ìàëi ïîïåðå÷íi êîëèâàííÿ óñi÷åíîãî iêî-

ñàåäðà, ðåáðàìè ÿêîãî ¹ ñòiëüòü¹ñiâñüêi ñòðóíè. Ïîïåðå÷íi êîëèâàííÿ ãðà-
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Ðèñ 6.1

ôiâ ç òàêèõ ñòðóí ðîçãëÿäàëèñÿ ó áàãàòüîõ ïóáëiêàöiÿõ [58], [60], [61].

Ñïåêòðàëüíi çàäà÷i, ùî îïèñóþòü ïîçäîâæíi êîëèâàííÿ ãðàôà ç ïðóæèí,

ùî íåñóòü ìàñè, çâîäÿòüñÿ äî òèõ æå ðiâíÿíü [27].

Îáåðåìî äîâiëüíó îði¹íòàöiþ ðåáåð ãðàôó. Ðîçãëÿíåìî ñòiëüòü¹ñiâñüêó

ñòðóíó, êîòðà íåñå n ≥ 3 íàìèñòèí ç ìàñàìè m1,m2, . . . ,mn (mk > 0),

íåõàé l0, l1, . . . , ln (lk > 0) � iíòåðâàëè, íà ÿêi ìàñè äiëÿòü ïîâíó äîâæèíó

l ñòðóíè

(
n∑
k=0

lk = l

)
. Çàíóìåðó¹ìî òî÷êîâi ìàñè mk (k = 1, 2, . . . , n) òà

ïiäiíòåðâàëè lk (k = 0, 1, . . . , n) íà ðåáði ïîñëiäîâíî ó íàïðÿìêó ðåáðà. Ó

ïîäàëüøîìó ìè ðîçãëÿäà¹ìî ñòiëüòü¹ñiâñüêi ñòðóíè, ñèìåòðè÷íi âiäíîñíî

¨õ ñåðåäèíè. Öå îçíà÷à¹ ùî:

1. ÿêùî n ¹ ïàðíèì, òî: mk = mn−k+1, k = 1, . . . , n; lk = ln−k,

k = 0, . . . , n;

2. ÿêùî n ¹ íåïàðíèì, òî: mk = mn−k+1, k = 1, . . . , bnc; lk = ln−k,

k = 0, . . . , bnc,

äå bac � öå öiëà ÷àñòèíà a.

Ðîçãëÿíåìî ãðàô ôóëåðiíà G, âñi ðåáðà ÿêîãî � îäíàêîâi ñòiëüòüñiâñüêi

ñòðóíè, êîæíà ç ÿêèõ íåñå íà ñîái n íàìèñòèí. Ãðàô íàòÿãíóòèé i ìîæå

ðóõàòèñü òàêèì ÷èíîì, ùî êîæíà ìàñà ðóõà¹òüñÿ â íàïðÿìêó, ïåðïåíäèêó-
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ëÿðíîìó äî ïîëîæåííÿ ðiâíîâàãè ðåáðà.

Ïîçíà÷èìî ÷åðåç vi (i = 1, 2, . . . , 60) âåðøèíè ãðàôó G, à ÷åðåç ej

(j = 1, 2, . . . , 90) � ðåáðà ãðàôó G.

Äëÿ êîæíîãî i ìà¹ìî d(vi) = 3 i ïîçíà÷èìî ÷åðåç d+(vi) � ñòåïiíü âõîäó,

à ÷åðåç d−(vi) � ñòåïiíü âèõîäó. Çðîçóìiëî, ùî 0 ≤ d±(vi) ≤ 3 òà

d+(vi) + d−(vi) = d(vi) = 3.

ÍåõàéW+
i � öå ìíîæèíà íîìåðiâ ðåáåð, ÿêi âõîäÿòü ó âåðøèíó vi òàW

−
i

� öå ìíîæèíà íîìåðiâ ðåáåð, ÿêi âèõîäÿòü ç âåðøèíè vi (i = 1, 2, . . . , 60).

Ñëiä çàçíà÷èòè, ùî ãðàô ôóëåðiíà íàëåæèòü äî êëàñó öèêëi÷íî çâ'ÿçíèõ

ãðàôiâ.

Îçíà÷åííÿ 6.1. (äèâ. [41], Îçíà÷åííÿ 2.2) Êàæóòü, ùî äâi âåðøèíè v òà

w çâ'ÿçíîãî ãðàôó G ¹ öèêëi÷íî çâ'ÿçíèìè, ÿêùî iñíó¹ ñêií÷åííà ìíîæèíà

öèêëiâ C1, C2, ..., Ck (Cj ⊂ G, j = 1, 2, ...k), òàêà ùî v ∈ C1, w ∈ Ck òà

êîæíà ñóñiäíÿ ïàðà öèêëiâ ìà¹ ùîíàéìåíøå îäíó ñïiëüíó âåðøèíó.

Îçíà÷åííÿ 6.2. (äèâ. [41], Îçíà÷åííÿ 2.3) Êàæóòü, ùî ãðàô ¹ öèêëi÷íî

çâ'ÿçíèì, ÿêùî êîæíà ïàðà âåðøèí ó íüîìó ¹ öèêëi÷íî çâ'ÿçíèìè.

Ìè ïðèïóñòèìî âiäñóòíiñòü òî÷êîâèõ ìàñ ó âåðøèíàõ. Êîëèâàííÿ ìàñ

íà ðåáðàõ îïèñó¹òüñÿ ðiâíÿííÿìè (äèâ. [6], ñ. 141 àáî [3], ðiâíÿííÿ (0.7.4)).

w
(j)
k (t)− w(j)

k−1(t)

lk−1
+
w

(j)
k (t)− w(j)

k+1(t)

lk
= mk

d2

dt2
w

(j)
k (t), (6.1)

ïðè k = 1, 2, . . . , n; j = 1, 2, . . . , q; q � öå êiëüêiñòü ðåáåð; w
(j)
k (t) � öå

ïîïåðå÷íå çìiùåííÿ ìàñ mk, ÿêi ëåæàòü íà ðåáði ej; t � öå ÷àñ.

Ó âíóòðiøíié âåðøèíi vi ìè íàêëàäåìî óìîâè íåïåðåðâíîñòi

w
(j−1 )
0 (t) = w

(j−2 )
0 (t) = · · · = w

(j−
d−(vi)

)

0 (t) = w
(j+1 )
n+1(t) = w

(j+2 )
n+1(t) = · · · = w

(j+
d+(vi)

)

n+1 (t),

(6.2)

äå {j−1 , . . . , j−d−(vi)
} ∈ W−

i ; {j+
1 , . . . , j

+
d+(vi)
} ∈ W+

i òà óìîâà áàëàíñó ñèë
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d+(vi)∑
m=1

w
(j+m)
n+1(t)− w(j+m)

n (t)

ln
−

d−(vi)∑
m=1

w
(j−m)
1 (t)− w(j−m)

0 (t)

l0
= 0. (6.3)

Çàçâè÷àé ó ëiíiéíîìó íàáëèæåííi ìè ðîçäiëÿ¹ìî çìiííi íàñòóïíèì ÷è-

íîì (äèâ., íàïðèêëàä, ðiâí. (0.7.4), (0.7.5) ó [3]) w
(j)
k (t) = u

(j)
k (z)eiλt, z = λ2.

Ïiäñòàâëÿþ÷è ó (6.1)�(6.3), îòðèìó¹ìî íàñòóïíó ñïåêòðàëüíó çàäà÷ó:

u
(j)
k − u

(j)
k−1

lk−1
+
u

(j)
k − u

(j)
k+1

lk
= −mkzu

(j)
k , (6.4)

u
(j−1 )
0 = u

(j−2 )
0 = · · · = u

(j−
d−(vi)

)

0 =

= u
(j+1 )
n+1 = u

(j+2 )
n+1 = · · · = u

(j+
d+(vi)

)

n+1 , (6.5)

d+(vi)∑
m=1

u
(j+m)
n+1 − u

(j+m)
n

ln
−

d−(vi)∑
m=1

u
(j−m)
1 − u(j−m)

0

l0
= 0, (6.6)

äå k = 1, 2, . . . , n; i = 1, 2, . . . , 60; j−m ∈ W−
i , m = j−1 , . . . , j

−
d−(vi)

;

j+
m ∈ W+

i , m = j+
1 , . . . , j

+
d+(vi)

òà u
(j)
k � öå àìïëiòóäà êîëèâàíü ìàñè m

(j)
k ,

ðîçòàøîâàíî¨ íà ðåáði ej, z � öå ñïåêòðàëüíèé ïàðàìåòð. Òóò ðiâíÿííÿ (6.5)

¹ óìîâàìè íåïåðåðâíîñòi òà ðiâíÿííÿ (6.6) îïèñó¹ áàëàíñ ñèë.

6.2. Êîëèâàííÿ ãðàôó ôóëåðiíà çi ñòiëüòü¹ñiâñüêèõ

ñòðóí

Ñëiäóþ÷è çà [27], áóäåìî øóêàòè ðîçâ'ÿçîê ó íàñòóïíié ôîðìi

u
(j)
k (z) = R2k−2(z, c)u

(j)
1 , k = 1, 2, . . . , n+1, äå R2k−2(z, c) � öå ìíîãî÷ëåíè

ñòåïåíÿ k − 1. Íàäàëi ìè áóäåìî âèêîðèñòîâóâàòè Rk(c) çàìiñòü Rk(z, c)

äëÿ ñêîðî÷åííÿ çàïèñiâ.

Ìíîãî÷ëåíè Rk(c) çàäîâîëüíÿþòü íàñòóïíi ðåêóðåíòíi ñïiââiäíîøåííÿ:

R2k(c) = lkR2k−1(c) +R2k−2(c), (6.7)

R2k−1(c) = R2k−3(c)−mkzR2k−2(c)



106

ç ïî÷àòêîâèìè óìîâàìè

R−1(c) ≡
1− c
l0

, R0(c) ≡ 1.

Äëÿ ñèìåòðè÷íî¨ ñòðóíè ìà¹ìî (äèâ. [27])

R2n−1(0) =
1

l0
R2n(1) (6.8)

òà çàâäÿêè òîòîæíîñòi Ëàãðàíæà

R2n−1(0)R2n(1)−R2n−1(1)R2n(0) =
1

l0

(äèâ., íàïðèêëàä [89], Ëåìà 3.5), ìè îòðèìó¹ìî

1

l0
(R2n(1))2 −

1

l0
= R2n(0)R2n−1(1). (6.9)

Çàðàç ìè âèêîðèñòà¹ìî ïðîöåäóðó, îïèñàíó ó [91]. Çðó÷íî øóêàòè

ðîçâ'ÿçîê ðiâíÿííÿ (6.4) ó íàñòóïíîìó âèãëÿäi:

U
(j)
k (z) =

B(j) − A(j)R2n(1)

R2n(0)
R2k−2(0) + A(j)R2k−2(1), (6.10)

äå A(j), B(j) ¹ êîíñòàíòàìè, íåçàëåæíèìè âiä k òà z. Öi ðîçâ'ÿçêè iñíóþòü

äëÿ âñiõ z, êîòði íå ¹ êîðåíÿìè R2n(0). Ç îãëÿäó íà (6.1), (6.2), ç ðiâíÿííÿ

(6.7) ïðè k = 0 âèïëèâà¹ R−2(0) = 0, R−2(1) = 1.

Ïiäñòàâëÿþ÷è öå ó (6.10), ìà¹ìî

U
(j)
0 (z) =

B(j) − A(j)R2n(1)

R2n(0)
R−2(0) + A(j)R−2(1) = A(j). (6.11)

Â öüîìó âèïàäêó, ïðè k = n+ 1

U
(j)
n+1(z) =

B(j) − A(j)R2n(1)

R2n(0)
R2n(0) + A(j)R2n(1) = B(j). (6.12)

Óìîâè íåïåðåðâíîñòi (6.5) çàðàç âèãëÿäàþòü íàñòóïíèì ÷èíîì:

A(j−1 ) = A(j−2 ) = · · · = A
(j−

d−(vi)
)

= B(j+1 ) = B(j+2 ) = · · · = B
(j+

d+(vi)
)

:= Φ(vi).

(6.13)
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Ðiâíÿííÿ áàëàíñó ñèë (6.6) ç óðàõóâàííÿì (6.10) òà (6.13) áóäóòü ìàòè

íàñòóïíó ôîðìó

d+(vi)∑
m=1

(
lnB

(j+m)R2n−1(0)− A(j+m)
)
−

d−(vi)∑
m=1

(
B(j−m) − A(j−m)R2n(1)

)
= 0. (6.14)

d+(vi)∑
m=1

(
lnB

(j+m)R2n−1(0)− A(j+m)
)
−

d−(vi)∑
m=1

(
B(j−m) − A(j−m)R2n(1)

)
=

=

d+(vi)∑
m=1

lnB
(j+m)R2n−1(0) +

d−(vi)∑
m=1

A(j−m)R2n(1)−

d+(vi)∑
m=1

A(j+m) +

d−(vi)∑
m=1

B(j−m)

 = .

=

d+(vi)∑
m=1

B(j+m)R2n(1) +

d−(vi)∑
m=1

A(j−m)R2n(1)−
∑
vj∼vi

Φ(vj) =

= R2n(1)

d+(vi)∑
m=1

Φ(vi) +

d−(vi)∑
m=1

Φ(vi)

−∑
vj∼vi

Φ(vj) =

= R2n(1)d(vi)Φ(vi)−
∑
vj∼vi

Φ(vj).

àáî

R2n(1)d(vi)Φ(vi)−
∑
vj∼vi

Φ(vj) = 0.

Òóò ñóìà áåðåòüñÿ ïî âñiõ âåðøèíàõ vj, ñóìiæíèõ ç vi.

Â êiíöi ìè îòðèìó¹ìî, âèêîðèñòîâóþ÷è ïîçíà÷åííÿ ζ = 3R2n(z, 1),

F = {Φ(v1), . . . ,Φ(v60)}T , òà ïîçíà÷àþ÷è ÷åðåç A ìàòðèöþ ñóìiæíîñòi íà-

øîãî ãðàôó:

ζF − AF = 0. (6.15)

Íåõàé z0 íå ¹ êîðåíåì R2n(z, 0), òîäi âîíî ¹ âëàñíèì çíà÷åííÿì çàäà÷i

(6.4)�(6.6) òîäi é òiëüêè òîäi, ÿêùî ζ0 := 3R2n(z0, 1) ¹ âëàñíèì çíà÷åí-

íÿì ìàòðè÷íîãî ðiâíÿííÿ (6.15). Öå îçíà÷à¹, ùî ñïåêòð çàäà÷i (6.4)�(6.6)

ñêëàäà¹òüñÿ ç êîðåíiâ R2n(z, 0) òà êîðåíiâ ìíîãî÷ëåíiâ 3R2n(z, 1)− ζs, äå ζs
(s = 1, 2, . . . , 60) ¹ ðîçâ'ÿçêàìè ðiâíÿííÿ det(ζI − A) = 0.
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Òåîðåìà 6.1. Õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì çàäà÷i (6.4)�(6.6) ¹

φ(z) = (R2n(z, 0))30P60(3R2n(z, 1)),

äå P60 � öå õàðàêòåðèñòè÷íèé ìíîãî÷ëåí ìàòðèöi A.

Äîâåäåííÿ. Âèùå ìè âæå ïîêàçàëè, ùî ÿêùî z0 ¹ âëàñíèì çíà÷åííÿì çàäà÷i

(6.4)�(6.6) òà R2n(z0, 0) 6= 0, òî ζ0 := 3R2n(z, 1) ¹ êîðåíåì P60(ζ). Öå äà¹ 60n

(ç óðàõóâàííÿì êðàòíîñòåé) âëàñíèõ çíà÷åíü çàäà÷i (6.4)�(6.6). Çàãàëüíèì

÷èñëîì âëàñíèõ çíà÷åíü ¹ 90n, áî 90 � öå êiëüêiñòü ðåáåð ó ôóëåðiíi. Òîìó ¹

íà 30n (ç óðàõóâàííÿì êðàòíîñòåé) âëàñíèõ çíà÷åíü áiëüøå. Âîíè ¹ êîðåíÿ-

ìè (R2n(z, 0))30, áî äëÿ êîæíîãî âëàñíîãî iñíó¹ 30 ëiíiéíî íåçàëåæíèõ âëà-

ñíèõ âåêòîðiâ, êîòði ñêëàäàþòüñÿ ç âåêòîðiâ R2(z, 0), R4(z, 0), ..., R2n−2(z, 0)

íà ðåáðàõ øåñòèêóòíèõ ãðàíåé ãðàôó.

Âèêîðèñòîâóþ÷è (6.15), ìè îòðèìó¹ìî õàðàêòåðèñòè÷íå ðiâíÿííÿ äëÿ

ãðàôó ôóëåðiíà çà äîïîìîãîþ ïðîãðàìè MAPLE

P60(ζ) = 2985984+54743040ζ+186416640ζ2−1566501120ζ3−7440712560ζ4+

+26034025632ζ5 + 108565938200ζ6 − 310065067080ζ7 − 831616531095ζ8+

+2527365617120ζ9+3576552321006ζ10−13627897407360ζ11−8131429397135ζ12+

+49433493646080ζ13 + 4679380503120ζ14 − 126428882536240ζ15+

+29617003666920ζ16 + 238553091055200ζ17 − 112654402736360ζ18−

−344185906596720ζ19 + 228227031040884ζ20 + 390055074762240ζ21−

−324375523213200ζ22 − 354145195147200ζ23 + 351861389316780ζ24+

+261359090670624ζ25 − 303315997028160ζ26 − 158412719276240ζ27+

+212712221820840ζ28 + 79417625268960ζ29 − 123163094844616ζ30−

−33076275953760ζ31 + 59443188508110ζ32 + 11466942645600ζ33−

−24056403184260ζ34 − 3308173115904ζ35 + 8189116955350ζ36+
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+792175427520ζ37 − 2346799508400ζ38 − 156652575440ζ39+

+565407465144ζ40 + 25376437920ζ41 − 114118295000ζ42−

−3327625680ζ43 + 19180834020ζ44 + 347208896ζ45 − 2661033600ζ46−

−28113600ζ47 + 300906380ζ48 + 1700640ζ49 − 27244512ζ50−

−72240ζ51 + 1925160ζ52 + 1920ζ53 − 102160ζ54 − 24ζ55+

+3825ζ56 − 90ζ58 + ζ60,

i îòæå (îòðèìàíî çà äîïîìîãîþ MAPLE)

P60(ζ) = (ζ − 3)(ζ2 + 3ζ + 1)3(ζ4 − 3ζ3 − 2ζ2 + 7ζ + 1)3∗

∗(ζ + 2)4(ζ2 + ζ − 4)4(ζ2 − ζ − 3)5(ζ2 + ζ − 1)5(ζ − 1)9.

Òîäi ìè îòðèìó¹ìî íàñòóïíó ìíîæèíó êîðåíiâ P60: ζ1 = ζ2 = ζ3 ≈

−2.618, ζ4 = ζ5 = ζ6 = ζ7 ≈ −2.562, ζ8 = ζ9 = ζ10 = ζ11 = −2,

ζ12 = ζ13 = ζ14 = ζ15 = ζ16 ≈ −1.6818, ζ17 = ζ18 = ζ19 ≈ −1.438,

ζ20 = ζ21 = ζ22 = ζ23 = ζ24 ≈ −1.303, ζ25 = ζ26 = ζ27 ≈ −0.382,

ζ28 = ζ29 = ζ30 ≈ −0.139, ζ31 = ζ32 = ζ33 = ζ34 = ζ35 ≈ 0.618,

ζ36 = ζ37 = ζ38 = ζ39 = ζ40 = ζ41 = ζ42 = ζ43 = ζ44 = 1, ζ45 = ζ46 = ζ47 =

ζ48 ≈ 1.562, ζ49 = ζ50 = ζ51 ≈ 1.820, ζ52 = ζ53 = ζ54 = ζ55 = ζ56 ≈ 2.303,

ζ57 = ζ58 = ζ59 ≈ 2.757, ζ60 = 3.

Ãðàô C60 ¹ öèêëi÷íî çâ'ÿçíèì (äèâ. Îçíà÷åííÿ 6.2.). Ìàêñèìàëüíîþ êðà-

òíiñòþ âëàñíîãî çíà÷åííÿ öi¹¨ çàäà÷i ¹ µ+ 1, äå µ � öå öèêëîìàòè÷íå ÷èñëî

ãðàôó [41], Tåîðåìà 3.2. Òàê ÿê µ = q−p+1, äå p � êiëüêiñòü âåðøèí òà q �

êiëüêiñòü ðåáåð, â íàøîìó âèïàäêó µ+1 = 32. Ìîæåìî áà÷èòè, ùî â íàøié

çàäà÷i ìàêñèìàëüíî ìîæëèâîþ êðàòíiñòþ ¹ 32, ÿêà äîñÿãà¹òüñÿ ó âëàñíèõ

çíà÷åííÿõ, êîòði ¹ êîðåíÿìè ìíîãî÷ëåíà R2n(z, 0) òà îäíî÷àñíî êîðåíÿìè

ìíîãî÷ëåíà R2n(z, 1)− 1 (êðàòíîñòi 2).
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Âèñíîâêè äî ðîçäiëó 6

Ó ðîçäiëi 6 ìè ïåðåéøëè äî ðîçãëÿäó çâ'ÿçíîãî ãðàôó, êîòðèé íå ¹ äå-

ðåâîì (àëå ¹ öèêëi÷íî çâ'ÿçíèì). Çàãàëüíî¨ òåîði¨ ñïåêòðàëüíèõ çàäà÷ íà

äîâiëüíèõ çâ'ÿçíèõ ãðàôàõ íå iñíó¹. Iñíóþòü òiëüêè ïîäåÿêi êîíêðåòíi ðå-

çóëüòàòè. Ðåçóëüòàòè ðîçäiëó 6 âäàëîñÿ îòðèìàòè çàâäÿêè òîìó, ùî ìè ðîç-

ãëÿäà¹ìî ãðàô ç îäíàêîâèìè ðåáðàìè. Áiëüø òîãî, öi ðåáðà, òîáòî ñòiëüòü¹-

ñiâñüêi ñòðóíè áóëè ñèìåòðè÷íèìè âiäíîñíî ñåðåäèí ðåáåð. Çàâäÿêè öüîìó

çàäà÷à çâåäåíà äî áiëüø ïðîñòî¨ àëãåáðà¨÷íî¨ çàäà÷i. Öå áóëî çðîáëåíî äëÿ

òîãî, ùîá ðîçãëÿíóòè êîëèâàííÿ ãðàôó íàïiâïðàâèëüíîãî ìíîãîãðàííèêà, à

ñàìå óñi÷åíîãî iêîñàåäðà, êîòðèé ìà¹ çàñòîñóâàííÿ ó õiìi¨ i êîòðèé òàì ìà¹

iíøó íàçâó � ôóëåðií. Ïðè ðîçâ'ÿçàííi áóëî âèêîðèñòàíî ïðîãðàìó MAPLE

i áóëè çíàéäåíi âëàñíi çíà÷åííÿ i ïåðåâiðåíî, ùî ìàêñèìàëüíà êðàòíiñòü

âëàñíîãî çíà÷åííÿ öi¹¨ çàäà÷i ¹ µ+ 1, äå µ � öèêëîìàòè÷íå ÷èñëî ãðàôó, â

äàíîìó âèïàäêó µ+ 1 = 32, ùî óçãîäæó¹òüñÿ ç ðåçóëüòàòîì ðîáîòè [41].
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ÂÈÑÍÎÂÊÈ

Îòðèìàíi â äèñåðòàöi¨ ðåçóëüòàòè ¹ íîâèìè i ñòîñóþòüñÿ ïðÿìî¨ i îáåð-

íåíî¨ ñïåêòðàëüíèõ çàäà÷, ïîðîäæåíèõ ðåêóðåíòíèìè ñïiââiäíîøåííÿìè

ñòiëüòü¹ñiâñüêèõ ñòðóí íà îáëàñòÿõ, ùî ¹ ãðàôàìè. Äèñåðòàöiéíà ðîáîòà

ìiñòèòü òàêi ðåçóëüòàòè:

1. Ðîçâ'ÿçàíà ïðÿìà çàäà÷à, òîáòî îïèñàíèé ñïåêòð êîëèâàíü ñòiëüòü¹-

ñiâñüêî¨ ñòðóíè ç âiëüíèìè êiíöÿìè (óìîâè Íåéìàíà íà îáîõ êiíöÿõ)

òà ïîðiâíÿíi ñïåêòð âiäïîâiäíî¨ ñïåêòðàëüíî¨ çàäà÷i çi ñïåêòðàìè çà-

äà÷, ùî îïèñóþòü êîëèâàííÿ ç öi¹¨ æ ñòðóíè ç âiëüíèìè êiíöÿìè i

ôiêñîâàíîþ ïðîìiæíîþ òî÷êîþ. Ç òî÷êè çîðó ôiçèêè öå âiäïîâiäà¹ çà-

êðiïëåííþ ïðîìiæíî¨ òî÷êè.

Äîâåäåíî, ùî âëàñíi çíà÷åííÿ çàäà÷i ç óìîâàìè Íåéìàíà íà êiíöÿõ

÷åðãóþòüñÿ ó íåñòðîãîìó ñåíñi ç îá'¹äíàííÿì ñïåêòðiâ äâîõ çàäà÷, îäíà

ç ÿêèõ ïîðîäæåíà ëiâîþ ÷àñòèíîþ ñòðóíè ç óìîâîþ Íåéìàíà íà ëiâîìó

êiíöi òà óìîâîþ Äiðiõëå íà ïðàâîìó, à äðóãà ïîðîäæåíà ïðàâîþ ÷àñòè-

íîþ ñòðóíè ç óìîâîþ Íåéìàíà íà ïðàâîìó êiíöi òà óìîâîþ Äiðiõëå íà

ëiâîìó.

2. Ðîçâ'ÿçàíà âiäïîâiäíà îáåðíåíà çàäà÷à, òîáòî çàäà÷à âiäíîâëåííÿ äà-

íèõ ñòiëüòü¹ñiâñüêî¨ ñòðóíè çà âiäîìèìè:

(à) ñïåêòðîì êîëèâàíü öi¹¨ ñòðóíè ç âiëüíèìè êiíöÿìè (óìîâà Íåéìà-

íà íà îáîõ êiíöÿõ);

(á) ñïåêòðîì êîëèâàíü ëiâî¨ ÷àñòèíè öi¹¨ ñòðóíè ç ëiâèì êiíöåì âiëü-

íèì (óìîâà Íåéìàíà), à ïðàâèì � çàêðiïëåíèì (óìîâà Äiðiõëå);

(â) ñïåêòðîì êîëèâàíü ïðàâî¨ ÷àñòèíè ñòðóíè ç ïðàâèì âiëüíèì (óìî-

âà Íåéìàíà), à ëiâèì � çàêðiïëåíèì (óìîâà Äiðiõëå);

(ã) çàãàëüíèìè ìàñàìè íà ÷àñòèíàõ ñòðóíè.

3. Âñòàíîâëåíèé âçà¹ìîçâ'ÿçîê ìiæ ñïåêòðîì çàäà÷i íà çiðêîâîìó ãðà-
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ôi, ÿêèé ñêëàäà¹òüñÿ ç òðüîõ ñòiëüòü¹ñiâñüêèõ ñòðóí, ñïåêòðîì çàäà÷i

íà îäíîìó ç ðåáåð çiðêîâîãî ãðàôó òà ñïåêòðîì çàäà÷i íà îá'¹äíàííi

äðóãîãî i òðåòüîãî ðåáåð, ÿêèé ïîëÿãà¹ ó ïåâíîìó ÷åðãóâàííi âëàñíèõ

çíà÷åíü öèõ òðüîõ çàäà÷.

4. Ðîçâ'ÿçàíà îáåðíåíà çàäà÷à âiäíîâëåííÿ äàíèõ çiðêîâîãî ãðàôó, ÿêèé

ñêëàäà¹òüñÿ ç òðüîõ ñòiëüòü¹ñiâñüêèõ ñòðóí çà âiäîìèìè çàãàëüíèìè

äîâæèíàìè ðåáåð òà òðüîìà ñïåêòðàìè, ïåðøèé ç ÿêèõ � öå ñïåêòð

çàäà÷i íà óñüîìó ãðàôi, äðóãèé � öå ñïåêòð çàäà÷i íà ïåðøîìó ðåáði,

à òðåòié � öå ñïåêòð çàäà÷i íà îá'¹äíàííi äðóãîãî i òðåòüîãî ðåáðà.

5. Äëÿ ñïåêòðàëüíî¨ çàäà÷i íà çiðêîâîìó ãðàôi çi ñòiëüòü¹ñiâñüêèõ ñòðóí

ç óìîâàìè íåïåðåðâíîñòi i áàëàíñó ñèë ó öåíòðàëüíié âåðøèíi, óìî-

âàìè Äiðiõëå íà âñiõ âèñÿ÷èõ âåðøèíàõ, îêðiì êîðåíÿ, ðîçãëÿíóòi äâi

çàäà÷i: ïåðøà � ç óìîâîþ Äiðiõëå ó êîðåíi, à äðóãà � ç óìîâîþ Íåéìà-

íà ó êîðåíi (êîðiíü � îäíà ç âèñÿ÷èõ âåðøèí). Îïèñàíi ñïåêòðè òàêèõ

çàäà÷ òà ¨õ âçà¹ìîçâ'ÿçîê. Ðîçâ'ÿçàíî âiäïîâiäíó îáåðíåíó çàäà÷ó âiä-

íîâëåííÿ ìàñ íàìèñòèí i äîâæèí iíòåðâàëiâ ìiæ íèìè, âèõîäÿ÷è çi

ñïåêòðiâ äâîõ çàäà÷ (Íåéìàíà òà Äiðiõëå) äëÿ âèïàäêó, êîëè êiëüêî-

ñòi ìàñ íà ðåáðàõ çàäàíi. Çíàéäåíi óìîâè íà äâi ÷èñëîâi ïîñëiäîâíîñòi,

íåîáõiäíi i äîñòàòíi äëÿ òîãî, ùîá âîíè áóëè ñïåêòðàìè çàäà÷ Äiðiõëå

òà Íåéìàíà.

6. Ðîçâ'ÿçàíà îáåðíåíà çàäà÷à äëÿ äåðåâà, ÿêå ñêëàäà¹òüñÿ çi ñòiëüòü¹ñiâ-

ñüêèõ ñòðóí. Áóâ ðîçêëàäåíèé äðiá, ÷èñåëüíèê ÿêîãî ¹ õàðàêòåðèñòè-

÷íèì ìíîãî÷ëåíîì çàäà÷i Äiðiõëå íà äåðåâi, à çíàìåííèê ¹ õàðàêòåðè-

ñòè÷íèì ìíîãî÷ëåíîì çàäà÷i Íåéìàíà íà öüîìó æ äåðåâi ó ëàíöþãîâèé

äðiá, ùî ðîçãàëóäæó¹òüñÿ. Öå ¹ óçàãàëüíåííÿì âiäîìèõ ðåçóëüòàòiâ íà

âèïàäîê iñíóâàííÿ íàìèñòèí ó âíóòðiøíiõ âåðøèíàõ äåðåâà.

7. Áóëè îïèñàíi êîëèâàííÿ ãðàôó óñi÷åíîãî iêîñàåäðà, ðåáðàìè ÿêîãî ¹

îäíàêîâi ñòiëüòü¹ñiâñüêi ñòðóíè. Ñïåêòðàëüíà çàäà÷à îòðèìàíà íàêëà-
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äàííÿì óìîâ íåïåðåðâíîñòi òà áàëàíñó ñèë ó âåðøèíàõ. Ïîêàçàíî, ùî

ÿêùî âñi ðåáðà îäíàêîâi, òî çàâäÿêè ñèìåòði¨ çàäà÷i âèíèêàþòü êðà-

òíi âëàñíi çíà÷åííÿ. Ìàêñèìàëüíà êðàòíiñòü òàêîãî âëàñíîãî çíà÷åííÿ

ñòàíîâèòü 32, ùî ¹ ìàêñèìàëüíèì ìîæëèâèì äëÿ öèêëi÷íî çâ'ÿçíîãî

ãðàôó, òîáòî µ+ 1 , äå µ � öå öèêëîìàòè÷íå ÷èñëî ãðàôó.

Îñíîâíi ïîëîæåííÿ äèñåðòàöiéíîãî äîñëiäæåííÿ âèêëàäåíi ó íàóêîâèõ

ïðàöÿõ, ç ÿêèõ 1 íàëåæèòü äî ïåðåëiêó ôàõîâèõ íàóêîâèõ âèäàíü (äèâ.

[51]), 4 ñòàòòi îïóáëiêîâàíi ó æóðíàëàõ, ÿêi iíäåêñóþòüñÿ ó íàóêîìåòðè÷íèõ

áàçàõ äàíèõ Scopus (äèâ. [9], [52], [53], [54]).
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